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HOWE PAIRS, SUPERSYMMETRY, AND RATIOS 
OF RANDOM CHARACTERISTIC POLYNOMIALS 
FOR THE UNITARY GROUPS Ua^ 

o 

O ■ J.B. Conrey, D.W. Farmer & M.R. Zirnbauer 

■ Abstract. — For the classical compact Lie groups K = \Jn the autocorrelation functions 
of ratios of characteristic polynomials {z,w) !—> Det(z — A:)/Det(w — A:) are studied with 

. k G K as random variable. Basic to our treatment is a property shared by the spinor repre- 

K*" I sentation of the spin group with the Shale- Weil representation of the metaplectic group: 

■ in both cases the character is the analytic square root of a determinant or the reciprocal 
I thereof. By combining this fact with Howe's theory of supersymmetric dual pairs (0,^"), 

we express the /T-Haar average product of p ratios of characteristic polynomials and q 
conjugate ratios as a character x which is associated with an irreducible representation of 
i the Lie superalgebra g = 0[„|„ for n = p + q. The primitive character x is shown to extend 

I to an analytic radial section of a real supermanifold related to , and is computed by 

i invoking Berezin's description of the radial parts of Laplace-Casimir operators for g[„|„ . 

The final result for x looks like a natural transcription of the Weyl character formula to 
i the context of highest- weight representations of Lie supergroups. 

While several other works have recently reproduced our results in the stable range 
> ma\{p,q), the present approach covers the full range of matrix dimensions e N . 
To make this paper accessible to the non-expert reader, we have included a chapter 
. containing the required background material from superanalysis. 
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1. Introduction 

Let K be one of the compact Lie groups Ua? , Oyv , or USpyy , and let K be equipped 
with Haar measure dk normalized by jj^dk = \. We are interested in products of 
ratios of characteristic polynomials Det(z — k) , averaged with respect to the probability 
measure dk. Our goal is to derive exact expressions for such autocorrelation functions. 

Quantities of a similar kind, for Gaussian distributed Hermitian matrices, were first 
computed some time ago in the large-A^ limit by Andreev and Simons [IJ, using an 
elaboration of the supersymmetry method pioneered by Wegner and Efetov. Then, in 
1996-97, one of us developed a variant [21] of the Wegner-Efetov method to handle 
the case of Haar-ensemble averages for the compact Lie groups above. With guid- 
ance from a perceptive remark of Samak [19J, it soon transpired that the mathematical 
foundation of that variant had existed in classical invariant theory for decades, and is 
known there as Howe duality. The main ideas - namely, Howe dual pairs acting in 
the spinor-oscillator module, the formula for the spinor-oscillator character, and the 
fact that the ^-Haar autocorrelation can be regarded as the character associated with 
a highest-weight representation of some Lie superalgebra q - were presented at the 
MSRI workshop on "Random matrices and their Applications" (Berkeley, June 1999). 

The second step of that original approach was to express the primitive g-character as 
a co-adjoint orbit integral (actually, a Berezin superintegral) a la Kirillov, and finally to 
compute this integral by a super version of the localization principle for equivariantly 
closed differential forms [5J. While this last step works in the so-called stable range, 
i.e., for large enough A^, the superintegral becomes too subtle an object to handle for 
small values of and, in any case, this type of analysis has not yet been perfected to 
the stage of yielding mathematical theorems. In the present paper, we replace it by a 
combination of algebraic and analytical techniques avoiding superintegration. 

While this research was initially motivated by quantum chaos and the physics of dis- 
ordered systems, the main motivation for bringing it to completion comes from analytic 
number theory. In that area, random matrices have been a recurrent and growing theme 
ever since Montgomery conjectured the pair correlation function of the non-trivial ze- 
roes of the Riemann zeta function to be asymptotic to Dyson's pair correlation function 
for the Gaussian Unitary Ensemble (GUE) and since Odlyzko's high-precision numer- 
ical study demonstrated asymptotic agreement of the distribution of spacings between 
the Riemann zeroes with the spacing distribution predicted from GUE. 

The conjectured relation between the zeroes of zeta functions and eigenvalues of ran- 
dom matrices was much clarified by the work of Katz and Sarnak [|I6| , which shifted 
the emphasis from Riemann zeta io families of L-functions. Carried out in the setting 
of L-functions over finite fields, this work explained how a limit procedure for fam- 
ilies leads to equidistribution on one of the classical compact Lie groups SUyv, Uat, 
S02A?+i , USp^ , or SO2N , the group being determined by the symmetry of the family. 

Keating and Snaith made the proposal that the connection between L-functions and 
random matrices should carry over to the case of global L-functions. In particular, 
they conjectured [17] that the critical value distribution of the Riemann zeta function 
(or, more precisely, a certain universal part thereof, which is hard to access by number 
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theory methods) can be modelled by the characteristic polynomial of a random matrix 
u E Un ■ A sizable number of precise generalizations of this proposal have since been 
made, although most of the theory to date remains at the conjectural level. 

In a companion paper [9J we present various conjectures that are suggested for L- 
functions by the Keating-Snaith conjecture and the results of our work. The present 
paper is solely concerned with the random- matrix aspect of this unfolding story; the 
reader is referred to our second paper for the related details concerning L- functions. 



1.1. Statement of result. — We now define the quantity to be studied in this paper. 
Postponing the cases of the compact Lie groups K = O/^ and K = USp2^r to another 
publication we focus on the case of ^ = Ua? and, fixing a pair of positive integers p 
and q , consider for u E the product of ratios of characteristic polynomials 



^'^ |J Det(Idyv-e^>M) Det(Idw-e-'^'M) ' ^ 



where u is the complex conjugate of the unitary matrix u . The parameters i/Aj , . . . , ^p+q 
are complex, with the range of the restricted by !He 0/ < < 9^e ^/ for j = 1 , . . . , p 
and I = p+l,...,p + q.lt will be convenient to think of these parameters as defining 
a diagonal matrix t E End(C^*^P+^)) by 

t = diag (e^"^' , . . . , e''^"+* , e"^' , . . . , ) . (1.2) 

The multiplier e^'^ is given by the linear combination of parameters 

Notice that a more concise form of (|l.ll) is 

, , ADet(Id,v-e*'^*M) 



j^J^ Det(Id^ • 



Why do we exponentiate our parameters as e"'''^ in the numerator as opposed to e*^*^ in 
the denominator? The answer is that at some point we will take advantage of a certain 
Riemannian structure, by restricting the complex parameters i^^t and to M. 

If du denotes the UAr-Haar measure normalized by /^^ du = I , our goal is to estab- 
lish an exact expression for the ensemble average 



Xit) := / Z{t,u)du (1.5) 

for all matrix dimensions A^^ . To state our result for x , let Sp+q be the group of permu- 
tations of the p + q objects 



\l/l,...,\j/p,\j/p+l,...,\j/p+q 
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Theorem 1.1. — For all N eN the Haar-ensemble average x{t) = I\]j^Z{t,u)du is 
expressed by 

Remark. — Let Sp x be the subgroup of Sp-|-^ which permutes the first p param- 
eters , . . . , separately from the last q parameters V^p+i , . . . , Yp+q ■ It is easy to 
see that the terms in the sum for x do not change under the substitution w ww' if 
w' G Sp X . Therefore, without changing the result, one may replace the sum over 
w G Sp-^-q by a sum over cosets [w] G 8^+^/ (Sp x S^) and drop the factor of (plql)^^ . 

To give a smooth statement without restrictions on the values ofN,'we have taken the 
number of characteristic polynomials in the numerator and denominator of (11.11) to be 
equal. This, of course, is not a serious limitation; from formula (|1.6I) one immediately 
produces answers for the case of unequal numbers by sending one or several of the 
parameters e^"''* or e^*^*^ to zero on both sides of the equation. In fact, an easy induction 
(spelled out in Sect. 14.81) yields the following statement. 

Corollary 1.2. — If p' <p + N and q' <q + N then 

n;=i Det(Id^ - e^-^i u) nf Det(Id^ - e-iV" u) 



n;Li Det(Id^ - Q^fu) n£^^+i Det(Id^ - ^-'^i' u 



du 



P+q ^Niwixifk) Yl.,j{l-e't'j'-'''ivi)^Yiji,{i-e^MVj)-<Pi> 



When the matrix dimension A^^ is sufficiently large, formula (11.61) can be obtained 
from a variety of different approaches. The present paper develops the point of view 
that (11.61) is best seen as a result in the theory of Lie superalgebras and supergroups: it 
is the latter framework that delivers the answer for all values ofN> 1 . 

1.1.1. Howe duality. — The method we will use to prove Thm. 1 1.1 1 rests on the fact 
that Uyv is in Howe duality with a Lie superalgebra for n = p + q. The details are 
briefly speaking as follows. Let V = Vo(BVi with Vq ~ Vi be a Z2-graded vector space, 
where Vq is the direct sum of p fundamental modules and q co-fundamental modules 
for \J]\i . Let jz/v be the spinor-oscillator module of V, i.e., the tensor product of the 
exterior algebra of Vi with the symmetric algebra of Vq : 

£/y = A{Vl)®S{Vo). (1.7) 

Uyv acts on s/y , and so does g[„|„ , and these two actions commute. 

Now recall the definition of the diagonal parameter matrix t by (11.21 ). and think of 
its logarithm as lying in a Cartan subalgebra P) C . Then t = e^^' operates on s/y 
by the exponential of the action of gl„|„ and, as will be explained in some pedagogical 
detail in Sect. [21 the supertrace of the operator representing the pair u) on £/y equals 
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the product of ratios (ll.ll ). Moreover, the joint action of the Howe dual pair (gl„|„ , \^n) 
on is multiplicity-free, which leads to the following key observation. 

Proposition 1.3. — The function X'. t^ f^^Z{t ^u) du is a primitive Qi„\„-character, 
and is given by the Qi„^„-representation on the space of -invariants in s^y . 

From Prop. II .3 1 (which summarizes Prop. I2.10h . our task is to compute the primitive 
character t ^ x{t). This is not entirely straightforward as the representation at hand is 
atypical and lies outside the range of applicability of known character formulas. Some 
answer for % (in the form of a Littlewood-Richardson sum over products of Q^p\p- and 
gt^lg-characters, using the Q\-p^q\p+q Qip\p x gl^^^ branching rules) has recently been 
given in [6]; that answer, however, is not of the explicit form we are looking for. 

In this paper ;f (?) will be computed explicitly by drawing on some of Berezin's 
results for the radial parts of the Laplace-Casimir operators for the classical Lie super- 
group U„|„ . The outcome is the formula stated in Thm. 11.11 Let us now rewrite that 
formula using the standard language of representation theory. 

1.1.2. Representation-theoretic formulation. — It is appropriate to regard the 2n pa- 
rameters i/Ai ,...,!//■„, ^1 ^„ as linear functions on a Cartan subalgebra p) ~ C" © C" 
of diagonal transformations in the Lie superalgebra g = ; by linearly combining 
them one can then form the roots of g and the weights of its representations. 

Roots a : [) ^ C are defined as the eigenvalues of the adjoint action of P) on g as 
usual: [H,X] = a{H)X . A root a is called even or odd depending on whether the 
corresponding eigenvector X is an even or odd element of the Lie superalgebra g . 

The representation of g = g[„|„ on the subspace of UA^-invariants in s/y will be seen 
to be a highest- weight representation, with the role of highest weight being played by 
the linear function Xp^ : [) ^ C of (11.31) . Our result for x is to be expressed in terms of 
the ^A^-positive roots, i.e., the sets of even and odd roots of ([) acting on) g which are 
positive with respect to the highest weight Ayy ■ These are the sets 

A+j : ^i-iyfj; m-<Pj j <P<l<n) . (1.8) 

The primitive characters of a compact Lie group K are expressed by the Weyl char- 
acter formula (see, e.g., lUSl ), which says that if p : ^ ^ U(V;l) is an irreducible 
representation with regular highest weight A , then 

^ e^^'(^) 
Txy p{t) = y rTT(inO , 

wewIlaeAp^ ^ ) 

where W is the Weyl group of K, and Aj^ denotes the system of A -positive roots. 

Our answer for x will look like a natural generalization of this formula to the case 
of Lie supergroups. The Weyl group W of our problem is the same as the symmetric 
group S„ of permutations of the n basis vectors of the first summand in [) ^ C" © C" 
(which are dual to the coordinate functions i/Zi , . . . , !//„). While the Weyl group W is 
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defined by its action on the Cartan subalgebra f) , what is needed here is the induced 
action on linear functions / G P)* by := fow^^. 

Because the highest weight Ayy of the g-representation at hand turns out to be non- 
regular, it is not W that matters but its quotient by the subgroup that fixes Xn ■ This 
is the subgroup ~ Sp x stabilizing the decomposition C" = C^^ © C^. 

Of course every coset [w] G VF/Wi uniquely defines a transformed highest weight 
w(AAf) . It also determines transformed sets of A^^-positive roots w(Aj^Q) and w(Aj^ ^) 
which are independent of the choice of representative w. 

Given these definitions and the insight from Prop. II .31 the statement of Thm. fTTI can 
be rephrased as follows. 

Proposition 1.4. — For all N the character t ^ x{t) given by a generalization 
of the Weyl character formula: 



A.O 



Remark. — In a companion paper [|l5l it is proved that a completely analogous result 
holds for the case of ratios of random characteristic polynomials for the compact Lie 
groups K = \JSp2N ^ K = 0^, and K — SO^ . 

A number of further remarks on the scope of Thm. ll.ll are called for. 

1.1.3. Compact sector. — Consider now removing all of the ^-parameters, i.e., send 
— i> — oo in Det(IdAf — e*^^ u)^^ and ^/ +oo in Det(IdAf — e^*^' U)^^. Then the formula 
of Thm. 1 1.1 1 reduces to 

f p p+1 

/ f|Det(Idyv-e"^>a) Y[ Det(e"^'Idyv-M)^^M 

p+q p ^ 



n e^^^e^') n — . w ^ ' (1-10) 

=p+l J=l ^ ^ 



[w]<ESp+,i/SpxSg l=p+l 

which is a result that can also be extracted from f7\. The mathematical situation in this 
limit is ruled by a Howe dual pair Ifl3l of compact Lie groups 

K'xK = \Jp+q X Un ; 

which is to say that K' x K acts without multiplicity on an exterior algebra A{Vi), and 
the left-hand side of (11.101) is the character of the irreducible representation of K' on 
the subalgebra of ^-invariants in A{Vi). The right-hand side of (11.101 ) is nothing but 
the classical Weyl character formula evaluated for the irreducible Up+g-representation 
with (non-regular) highest weight 

^N=NU:=Ui^y'i- (1-11) 
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1.1.4. Non-compact sector. — When all of the i//-parameters are removed, Thm. ll.ll 
reduces to a statement about the autocorrelations of reciprocals of characteristic poly- 
nomials. This particular limit is ruled by the Howe dual pair 

GxK = \Jp^q X Ua/ , 

where Up,q is the non-compact group of isometrics of the pseudo-unitary vector space 
C ©C^. The pair GxK acts without multiplicity on a symmetric algebra S{Vo) 
(generated by a direct sum of p copies of and q copies of the dual vector space 
of C^) by the Shale-Weil or oscillator representation. 

Taking a product of p-{-q reciprocals of characteristic polynomials and their conju- 
gates and averaging with Haar measure of K , one again gets a primitive character: 

r p p+q 

/ Y[T>e,i{ldM-e!^^u)-^ Y[ T>e,i{e,HdM-uy^du=-.x''{tQ)\ (1.12) 

-^Uw j=i l=p+\ 

which is the character x"{tQ) = x"{q'^\- ■ . ,e'^''+«) of the representation of G on the 
subalgebra of ^-invariants in S(Vb)- For all positive integers p, q, and A^, these G- 
representations are irreducible, unitary, and with highest weight 

1.1.5. Stable versus non-stable range. — In the range N > p-\-q, the representations 
with highest weight (11.131) belong to the principal discrete series of G = U^^^ , which 
is to say that they can be realized by Hilbert spaces of L^-functions on G and are 
covered by an analog of the Borel-Weil correspondence known for the compact case. 
The characters in that range turn out to have a particularly simple expression: 

/'(e^>,...,e^^-^)=e^^n fl " ^^'^^^ 

This formula actually continues to hold as long as N > max{p,q). As a matter of fact, 
in that range the algebra of ^-invariants in the oscillator module S(Vo) is freely gener- 
ated by the quadratic invariants that correspond to the system of A^-positive roots. 

The range > max(p,^) where (11.141) holds is called the stable range. From 
the vantage point of (11.61) the simplicity of the result (11.141) comes about because 
throughout the stable range, only the term from the identity coset [e] in the sum over 
[w] E Sp^q/ (Sp X S^) survives the limit of removing the parameters 1//^^ • 

On the other hand, the said characters outside the stable range are of a different 
nature. Their representations have no realization by L^-functions on G and are called 
singular. The algebra of ^-invariants outside the stable range is not freely generated; 
there exist relations and the characters therefore do not have any expression as simple 
as (11.141 ). In fact, when these characters are extracted from our supersymmetric master 
formula (11.61 ). there is a build up of combinatorial complexity because the product 
over odd-root factors (1 - \ -QHWj)-<t>i^ starts competing with the highest 

weight factor e^^^^^''''^ so that an increasing number of terms survives the process of 
removing the i//-parameters. 
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1.1.6. Other approaches. — Given the existence of a stable and a "non-stable" range 
for the non-compact sector, one should expect the same distinction to be visible also in 
the full, supersymmetric situation. This is indeed the case. 

Our answer (11.61) has recently been reproduced partially by two independent ap- 
proaches: by the work of Conrey, Forrester and Snaith [SJ which is based on the results 
for orthogonal polynomials by Fyodorov and Strahov Iflll and Baik, Deift and Stra- 
hov [4|, and in a preprint by Bump and Gamburd [3] using symmetric function theory. 
Both make a statement only in the stable range for . A fourth viable approach in 
that range is our original 1999 method of computation (i.e., expressing the character 
in question as a co-adjoint orbit superintegral and then calculating it by an equivariant 
localization technique) which is how the formulas ( 11.91) and (11.61 ) were first obtained. 

From our experience, proving Thm. W .\\ outside the stable range for A'^ is qualitatively 
more difficult! In fact, in view of the singular nature of the representations in the 
underlying non-compact situation, we consider it somewhat of a miracle that a formula 
as universal and simple as (11.61) happens to be true for all N eN. The present paper 
owes its length to our desire to give a transparent and self-contained proof of it. 

1.2. Some basic definitions of superanalysis. — Let V = Vi © Vb be a Z2-graded 
vector space over K = M or K = C. An element v G V is called odd if v G Vi \ {0} and 
even if v G Vq \ {^} ■ Elements which are either even or odd are called homogeneous. V 
comes with a parity function \ ■ \ which is defined on homogeneous elements and takes 
the value |v| = 1 for v odd and |v| = for v even. If Vi = and Vq = K^, one also 
writes V = Depending on the context we will sometimes write V — Vo®Vi , and 
sometimes V = Vi(BVo, but we always mean the same thing. 

Given the Z2-graded vector space V, consider the K-linear transformations End(V) 
of V = Vi © Vq . The elements X G End(yi © Vq) decompose into blocks: 

^=(c d) ' (1-15) 

where A G End(yi), B G Hom(Vb,yi), C G Hom(yi,yo), and D G End(yo). The vector 
space End(y) inherits from V a natural Z2-grading End(y) = End(y)o © End(y) i by 

i.e., End(y)o ~ End(yo) ©End(yi) and End(y)i ~ Hom(yo,yi) ©Hom(yi,yo). The 
supertrace on V is the linear function STr^ : End(y) K defined by 

STryX = TrXl^o^Ko -TrX|v,^Ki = TrD-TrA . (1.17) 

It has cyclic invariance in the Z2-graded sense: STr (XY) = (—1)1^1 I^ISTr (FX). 
As a Z2-graded vector space, End(y) carries a natural bracket operation, 

[ , ] : End(y) x End(y) ^ End(y) , 

which for any two homogeneous elements X,Y E End(y) is defined by 

[x,y] =xy- (-1)1^1 li'lyx . (1.18) 
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Thus the bracket of two odd elements is the anti-commutator, while in the other cases 
it is the commutator. This definition is extended to all of End(y) by linearity. The 
algebra End(y) equipped with the bracket [, ] is denoted by and is an example 

of a Lie superalgebra. If V = K^l^, one writes QliV) = g[p|^(K) . 

More generally a Lie superalgebra g is a Z2-graded vector space g = go © Bi over K 
equipped with a bilinear bracket operation that has the following three properties: 

(i) |[X,y]| = |X| + |y| (mod 2), 

(ii) [x,y] = -(-i)i^ii^i[y,x], 

(iii) [x,[y,z]] = [[x,y],z] + (-i)i^ii^i[y,[x,z]] , 

for all X, y,Z G g of definite parity. Property (iii) is called the super- Jacobi identity. 

Example. — Let each of Vi and Vq carry a non-degenerate K-bilinear form, 

S: VixVi^K, A: VqxVo-^K, 

and let S be symmetric and A alternating (which of course implies that the dimension 
of Vq is even). On V = Vi © Vq introduce a K-bilinear form Q : V x V K by the 
requirements that Vi be Q-orthogonal to Vq , and that xVi = S and QlvoxVy =A. A 
Z2-graded vector space V with such a form Q is called orthosymplectic. 

Consider then the set of K-linear transformations of V that are skew with respect 
Q = S-\-A. This set is a vector space, commonly denoted by osp(V), which inherits 
from End(y) the Z2-grading (11.161) . and skewness of a homogeneous element X G 
End(y) here means that the relation 

holds for all v, v' G V with homogeneous v . 

It is not difficult to check that osp(y) closes under the bracket operation (11.181) in 
g[(y) and thus is a Lie superalgebra; one calls it the orthosymplectic Lie superalgebra 
of V. If Vi = KP and Vq = (with q G 2N), one writes osp{V) = ospp|^(K) . 

Returning to the general case, note that the supertrace of any bracket [X,Y] in qI{V) 
or osp(y) vanishes. Indeed, by (-1)1^1 I^ISTr (yX) = STr (Zy) one has 

STr[x,y] =STr(xy- (-1)1^1 i^iyx) = -STr[X,y] =0. 

Besides the Lie superalgebra g[(y), the Z2-graded vector space V = Vo(BVi carries 
another canonical structure: this is the graded-commutative algebra of maps 

f:Vo^A{Vn. 

or functions on Vq with values in the exterior algebra of the dual vector space of Vi . 
We want such maps to be holomorphic for K = C and real-analytic for K = M . In 
the latter case, if x\ . • ■ is a coordinate system for Vq , and \ . . . , is a system of 
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linear coordinates for Vi (and hence a system of generators of AV^), such a mapping 
is written in the form 

f=t I A...,ix\....xP)^'^A---A^'^. 

k=0 i\<...<ik 

The wedge symbol A means exterior multiplication and will usually be omitted when 
its presence is clear from the context. A map / : Vq ^ A(Vj*) is commonly referred to 
as a superfunction on V for short. 

Consider now the related situation where the Z2-graded vector space is not V but 
End(V). Then there exists a distinguished superfunction, SDet, called the superdeter- 
minant. To define it, let B be the tautological mapping (i.e., the identity map) 

B : Hom(yo,Vi)* ^Hom(yo,Vi)* . 

If {F,} is a basis of Hom(Vb , V\) with dual basis {(?)'}, this is expressed by 

Of course B does not depend on the choice of basis but is invariantly defined. 

We now re-interpret B in the following way. The basis vectors F, G Hom(Vb , Vi) are 
still to be viewed as linear maps from Vq to V\ , and their destiny is to be composed with 
other maps; e.g., if A G GL(Vi) and D G GL(Vb), then A"iF,D"i G Hom(V'o,V'i) is a 
meaningful expression. The dual basis vectors 9', on the other hand, will be regarded 
as coordinates for Hom(Vb , V'l) ; as such they are to be multiplied in the exterior sense. 
Thus we view them as a set of generators of the exterior algebra AHom(Vo , Vi)*. 

Similarly, if {F^} is a basis of Hom(Vi, Vq) with dual basis {^^}, let the tautological 
map C : Hom(yi,Vb)* Hom(Vi,V'o)* be expressed by 



C = J^^^'(8)F 



and let C be given the same re-interpretation as B. 

In defining the superdeterminant, we assume the following associative product: 

((p'®F,)(9^'® Fy) := (p'9^'®F,-F, . (1.19) 

(Technically speaking, this corresponds to a Grassmann envelope of the first kind [2].) 

Definition 1.5 (superdeterminant). — ifV = VoQ)Vi is a Z2-graded vector space, 
End(y) is understood to carry the canonical Tjj-grading given by 

End(V)o ^ End(yo)©End(yi) , 
End(y)i ~ Hom(yo,Vi)©Hom(yi,yo) • 

Let G = (GL(yi) X GL(yo) > End(y)o) be the group of invertibles in End(y)o. Then 
the superdeterminant on V is the superfunction 

SDetv : G ^ AEnd(y)t , 
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where the last factor is defined by expansion of the determinant using Det = e^' 
Det(ldv, .(p'^^ ®A-iF,D-iF,)"' = 1 + . ^. 9' 9^ Tr^, (A-1F,D-1F,) + . . . . 

Remark. — The expansion terminates because of the nilpotency of the (p' and (pK 

It is convenient and standard practice in superanalysis to take the identifications 
^ ® F/ = 5 and 0f j =C for granted and, with the blocks A,B,C,D assembled 
to a supermatrix S as in (11.151) . adopt for the superdeterminant function SDet^ : G 
AEnd(V)i the short-hand notation SDet(S). 

Proposition 1.6. — The superdeterminant has the following equivalent expressions: 

(A B\ Det(D) Det(D -CAI5) 

SDet' * ^ ^ ^ ^ 



C DJ Det(A-5D iC) Det(A) 

Proof. — The first expression results from Def. 11.51 on rewriting X^(p' F/ = 5 and 
0f j = C and using the multiplicativity of the determinant. The second expression 
follows from the first one with the help of the relation 

Det(Idvi -A^BD^C)^ =Det{ldv,, -D^CA'^B) , 

which in turn is a straightforward consequence of InoDet = Troln, the Taylor series of 
the logarithm x t-^ ln( 1 — x) , and the alternating property of the exterior product A . □ 

Remark. — Note that the reciprocal of a superdeterminant, 

/A B\ ^ Dc^(A-BD-'C) 
\C Dj Det(D) 

exists whenever the block D possesses an inverse. 

1.3. The good object to consider. — Consider now the special situation of a Z2- 
graded complex vector space V = Vi(BVo with tensor-product structure: 

y = c/®c^^(t/i®c^)©([/o®c^) , 

where U = Ui(BUois another Z2-graded vector space, and is a fundamental module 
for K = Un ■ If k E K, and E = ^ is a supermatrix where B = Y,(p' ®Fi and 

C = £ ^-^ (g) Fj as above, the superdeterminant of Idy —E0kis defined in the obvious 
manner, i.e., by the natural embedding End{U) End(C^) ^ End(6'' (g) C^). 

For present purposes, let Uq and Ui be Hermitian vector spaces of equal dimension: 

C/i = C" , Uo = C" . 

Definition 1.7. — If A = E\ij^^u^ and D = E\ijq^ijq let & C End(C/)o be the subset 
where A and D are invertible and the spectrum of D avoids the unit circle. The key 
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object of our approach for the case ofK — Uyy is the superfunction x:2)^t\ End(t/) \ 
defined as the integral 

X{^)= [ SDet{ldv-E0k)-^dk. (1.20) 
Jk 

Remark. — By the spectral condition on D , the linear operator Idy,, — D®k has an 
inverse for all k G \Jm > and this by the previous remark ensures that (11.201) exists. 

To appreciate why the superfunction % of (| 1.201) plays such an important role, eval- 
uate its C-number part on the diagonal matrices t E End(L'') of (11.21 ). which gives 

/•ADet(IdA,-el'«a) 
^'"=/n Det(Id„-e*...) 



Comparison with the definitions (11.41) and (11.51) shows that this is exactly the autocor- 
relation function we want to compute. 

On the other hand, from Howe's theory of dual pairs the superfunction x of Def. 
1 1.71 can be interpreted as a primitive character of the Lie supergroup <3 = GL„|„ . The 
task of conveying the precise meaning of this message will occupy us for much of the 
present paper. The essential points are summarized in the following subsection. 

Please take note of the following strategic aspect. We want to prove Thm. ll.ll which 
is a statement about the complex- valued function th^xi^)' the autocorrelation function 
of ratios of characteristic polynomials defined in (11.51) . We will therefore be aiming not 
at the superfunction xi'^)^ but rather at the ordinary function xiO- Our route to xiO^ 
however, does lead through the extended object xi'^)- Indeed, it is the very existence 
of ;t(S) that will put us in a position to deduce various strong properties of x{t) and 
thereby establish the expression asserted by Thm. ll.ll in the full range N eN. 



1.4. Outline of strategy. — The superfunction xC^) defined by (11.201) is analytic, but 
only piecewise so, because of the singularities that occur when one or several of the 
eigenvalues of D = S|End((/o) hit the unit circle. Since we want a correlation of signature 
q), i.e., of a product of p ratios involving u E \Jn and q ratios involving the complex 
conjugate U, we are interested in the domain of analyticity, ^p,q, where p eigenvalues 
e*^^' of D G GL(C^+^) lie inside the unit circle (D^e^j < 0), and q eigenvalues e*^' lie 
outside i^t^i > 0). 

The main step of our approach is to establish a certain system of differential equa- 
tions obeyed by xC^) and hence by xii)- In this endeavor we have to handle the 
unbounded operators of a non-compact group acting on an infinite-dimensional space. 
For that reason, most of the discussion of xi'^) will be carried out not in the complex 
space ^p^q but in a real-analytic domain M C ^^p.q, which is specified as follows. 

Let T — TixTq C Gh{Ui) x GL(t/o) be the Abelian semigroup with factors 

^l=u^^ ro = (o,i)^x(i,oo)^ 
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where Ui = S is the unit circle in the complex number field C. We identify this 
"torus" T with the set of diagonal matrices t = (fi, ?o) of (11.21) . 

?i=diag(e^'^\...,e'"^«), = diag (e-^' , . . . , e*^" ) {n = p + q), 

where all of the variables , . . . , v/„ , , . . . , are now real-valued, and the are 
restricted to the range 

^j<0<^i {\<j<p<l<n). 

Our real-analytic domain M will be a direct product M = Mi x Mq . To describe the 
second space Mq let Up,g be the pseudo-unitary group determined by the signature op- 
erator s = diag(Idp , —Idq) on the Hermitian vector space f/o = C" = © C^. Letting 
g-to = gtog^^ denote the adjoint action of g G ^p.q on Tq C GL(C"), we define 

Mo := Up,,- To, 

i.e., Mo is the union of all adjoint orbits of Up,, on the points of Tq . Similarly, let 

Ml :=Up+,-ri =Up+,, 

the union of adjoint orbits of the unitary group U{Ui) = Up+q on Ti , which is the same 
as Up+q. Note that Mo C GL(t/o) is a real-analytic submanifold of dimension n^, and 
so is Ml C Gh{Ui). We shall study the superfunction on the product manifold 

M :=Mi X Mq , 

i.e.,forS|End(f/i) ^kndiUo) ^ ^q . 

Now recall that V = [/ (g) = Vq © Vi, and regarding this as V = C"l" © C^, let a 
Howe dual pair (0[„|„,UAf) [1T2]| act on V as its fundamental module. In Sect. [2] it is 
shown that the function Z : T x Uf^ C defined by 

Z{t,u) = SDet(Idv/-?©M)"^ 

can be regarded as the character of that pair acting on a spinor-oscillator module £/v 
of V, i.e., the tensor product of an exterior algebra (built from Vi) with a symmetric al- 
gebra (from Vq). In physics, s/y is called a Fock space for bosons and fermions. Since 
the action of the Howe pair (g[„|„ , \Jn) on s^y is known to be multiplicity-free, the su- 
perfunction xC^) given by (11.201) is the character of an irreducible g[„|„-representation. 

For better readability, we first establish this statement in Sect. [2] for the easy case 
of a diagonal matrix t eT. In Sect. |4] we then introduce a certain real-analytic super- 
manifold ^ inside the complex supergroup GL„|„ carrying left and right actions of the 
Lie superalgebra , and we explain how to make sense of the character xC^) as a 
section of ^ over the product of real-analytic domains M = Mi x Mq . 

Although the character x is atypical, and is not covered by the Weyl character for- 
mula and its known extensions, it can nonetheless be computed by a method developed 
in this paper. In Sect. |4] we accumulate a wealth of information about it: 

• The function x ■ T ^ C is analytic and W-invariant. 

• The character ;t is a linear combination of exponential functions e^ti^'^kWk-nkh) 
where the weights are in the range n j < < < N < ni for I < j < p < I < n . 
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• is degenerate with the character of the trivial representation; thus xi^) is 

annihilated by the radial parts of all of the Laplace-Casimir operators of . 

Using the radial parts given by Berezin lIH, we show that the problem posed by prop- 
erties (A-C) admits one and only one solution: that stated in Thm. 11.11 Please note 
that although the proof is carried out for real variables x^Tk and , the final statement 
immediately extends to complex values of these variables by analytic continuation. 

As a historical note, let us mention that our treatment relies on just two sources: 
Berezin [2], and Howe [[121 - and these have existed in mathematics for 30 years now. 
Indeed, Berezin's results are from 1975 and Howe's paper was written in 1976. 

2. Autocorrelation function of ratios as a primitive character 

2.1. Clifford algebra, spinor module, and character formula. — Starting from a 
complex vector space V = C'^, denote the dual vector space by V* and form the direct 
sum W :=V (BV* . On W define a symmetric bilinear form S : W xW ^ Chy 

S{v + (p,v' + (p') = (p{v') + (p'{v) . (2.1) 

Then let c{W) be the Clifford algebra of W, i.e., the associative algebra generated by 
W (BC with anti-commutation relations 

ww' + WW = S{w , w') . (2.2) 

c{W) is Z2-graded as a vector space by the dichotomy of the degree being either even 
or odd. Via the relations (|2.2[) the Clifford algebra c{W) carries the natural structure of 
a Lie superalgebra, with the fundamental bracket being [w,w'] := ww' + w'w. 

2.1.1. Spinor representation. — Basic to our approach is the spinor representation of 
c{W). Given the polarization W = V ®V* there exist two natural realizations of it. Both 
of them are used in the quantum field theory of Dirac fermions, where the positive and 
negative parts of the Dirac operator call for two different quantization schemes. 

Here, too, we need both realizations. To define the first one, consider the exterior 
algebra A(y) = ©f=o (^) • ^'^^ operations of exterior multiplication e , 

y X A^(y) ^ A^+^(V) , (v,a) h^e(v)a = vAa , 

and the operation of taking the inner product (or contraction) i , 

V*xA^{V)^a''-\V), {(p,a)^l{(p)a, 

where the operator i{(p) is the anti-derivation of A(y) defined (for v,v' E V) by 

l((p)l=0, i((p)v= (p(v) , l((p)(vAv) = (p(v)v -(p(v)v, 

and so on. The algebraic relations obeyed by these operators of exterior and interior 
multiplication are the so-called canonical anti-commutation relations (CAR): 

e(v) £(vO + e(v') e(v) = , i (9) 1(9') + 1(9') 1(9) = , 
i((p)e(v)+e(v)i((p) = (p(v)Id^(v,). (2.3) 
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If one assigns iow — v-\-(pEV®V* = Wdi linear operator on A(y) by 

v + (ph^e(v) + i((p) , (2.4) 

then this assignment preserves the Clifford algebra relations (12.21) by virtue of the re- 
lations (12.31) . Therefore, (12.41 ) defines a representation of the Clifford algebra c{W). It 
is called the spinor representation of c{W) on the spinor module A(y). 

Next, consider realizing the same object v + 9 as an operator on the exterior algebra 
A(y*) of the dual vector space V* . This is done by the assignment 

W = V®V* 3v + (p^i{y)+e{(p) , (2.5) 

where i(v) : A*(y*) 1-* A^"^(y*) and £((p) : A^(y*) i-> A^+^(y*) now mean contrac- 
tion by the vector v and exterior multiplication by the linear form (p . These operations 
still satisfy the canonical anti-commutation relations and hence give a second repre- 
sentation of the Clifford algebra c{W). 

The second representation is isomorphic to the first one. Indeed, if we fix a generator 
a G A^(y*) then the mapping x : A^(y) A'^-^{V*) defined for A: = 0, 1, . . . , J by 

A«(y) 3\^^e A^(y*) , h\v) 3 e(v) ■ i ^ i(v)a g a'^-\v*) , 

and so on, sends e(v) to l(v) and i{(p) to £{(p). It is called a particle-hole transforma- 
tion in physics. As a small remark, note that T is an isomorphism of Z2-graded vector 
spaces only if d is even. (When d is odd, T exchanges the even and odd subspaces.) 

2.1.2. GL(y) character formula. — Let GL(y) be the group of invertible complex 
linear transformations of y. Denoting the action of GL(y) on its fundamental module 
y as V (-^ ^v, one has an induced representation : GL(y) GL(A^y) on A^(y) by 

(7''{g){vi AV2 A ■ ■ ■ Avk) = gvi AgV2A---AgVk . 

By taking the direct sum of these representations for ^ = 0, 1 , . . . , J , one gets a canon- 
ical GL(y)-representation o on the exterior algebra A(y): 

a : GL(y) GL(Ay) . (2.6) 

It is a standard fact of multi-linear algebra that the alternating sum of characters of 
the representations is generated by a determinant: 

£;^o(-0'Tra^(^) = Dct{ldv-tg) (teC). 

Setting t = I and denoting by STr/w the operation of taking the supertrace over the 
Z2-graded vector space A(y) = A'^^'^"(y) © A°'^'^(y), we write this formula as 

STrAva(^)=Det(Idv-^). (2.7) 

If we specialize to the tensor-product situation y = ® C''^ and g = t®u, with u G 
U(C^) and t G GL(C^^) a diagonal transformation t = diag (?i , . . . , ?p) , then we obtain 

STrAv o{t®u)= \Yi=\ Det(Idyv - tj u) , 

which is "half of the numerator in our basic product of ratios ( 11.11 ). 

In order to produce the other half, which involves the complex conjugates u , we are 
going to employ a GL(y)-representation on A(y*). Observing that g G GL(y) acts on 
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the dual vector space V* by := (p o g i, we take o : GL{V) — > GL(Ay*) to be the 
direct sum d = ®'1^qO^ of representations : GL(y) — > GL(A^y*) defined by 

o\g){(pi A---A(pk)= Det(g) ((pi o^-i) A ■ • • A (cpkOg-^) . (2.8) 

Notice that d'' : GL(y) — > GL(A'V*) is the trivial representation, d''{g)Q. = iso- 
morphic to C7*^ : GL(y) — > GL(A'^y). As a matter of fact, the insertion of the determi- 
nant multiplier makes the two representations (J and o isomorphic by the particle-hole 
transformation T : A^(y ) A^^^{V*). We will see this at the infinitesimal level below. 
Since T for d E 2N — 1 interchanges the even and odd subspaces we have 

STr^v*^ig) = (-l)''Det(Idv-g) =Det(g-Idv) . (2.9) 

How are a and o related to the spinor representation (12.41) of c{W)l To answer that 
question, let {ei, . . . be a basis of y with corresponding dual basis {/\ . . ..f^} of 
y*, and consider the sequence of linear mappings 

0[(y) y ® y* ^ 0[(Ay) , X ^ £(Xe,) ®/ ^ £e(Xe,:)i(/) . 

The first map is a Lie algebra isomorphism. The second map turns v cp E V 0V* 
into an element vcp of the Clifford algebra c{W) by dropping the tensor product and 
then sends v(p to an operator on A(y) by (12.41 ). By the CAR relations (12.31 ). this map 
V ® 9 t— > £(v)l((p) is a Lie algebra homomorphism. Altogether, the composite map 
X I— i> ^e(Xe,)i(/') is a representation of qI{V) on A(y). By the same token, the linear 
mapping X h-> £ i (Xe,)e(/') is a representation of gl{V) on A(y*) . These Lie algebra 
representations are related to the Lie group representations o and o as follows. 

Proposition 2.1. — Taking the differential of the representations o : GL(y) GL(Ay) 
and o : GL(y) GL( Ay*) at the neutral element one has 

d d 



a,{X) := ^a{e^) = £e(Xe,)i(/) , a.(X) = £ i(Xe,Oe(/) 
'-^ (=1 i=i 



Proof. — Apply the operator (7'{X) := X^e(Xe,)i(/') to any element v eV: 

<y'iX)v = £.e(Xe,-)/(v) = £{Xv) ■l=Xv= J^^yi^'''^ = MX)v . 
Thus o'{X) = o^{X)onV. Now the operator D = a'{X) satisfies the Leibniz rule 

D{vi A V2) = Dvi A V2 + vi A Dvj , 

as follows easily from the definition of exterior and interior multiplication. Thus o'{X) 
is a derivation of the exterior algebra A(y) just as the differential C7*(X) is. Therefore, 
since cr'(X) and C7*(^) agree on the generating vector space V, they agree on A(y). 

In the case ofd'{X):='£i {Xei)e{f) one uses CAR to write o'{X)= Tr(X)IdAV* + 
Y^e{—X^f)l{ei). The first term arises from linearizing e^''^ ^ Det(e^^) at ? = 0. The 
second term is a derivation of A(y*) and the rest of the argument goes as above. □ 

What we have told up to now was the "fermionic" variant (in physics language) of a 
story that has to be told twice. 
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2.2. Weyl algebra and oscillator module. — For the second variant of our story - 
the "bosonic" one - consider again y = C^and = V©V*,but now equipped with 
the alternating bilinear form A: V7 x V7 — C given by 

A(v + (p,v' + (p') = <P(v')-<P'(v) . (2.10) 

The associative algebra generated by © C with the relations 

ww' — w'w = A{w ,w') (2.11) 

is denoted by ir(M^), and is called the Weyl algebra of W . 

To construct a representation of Vo{W), let S){V) = ®k>Q^^{y) be the symmetric 
algebra of V , and consider on it the operations of multiplication /i and derivation 5 : 

y xS^(y) ^S^+HV) , {v,a)^ ^{v)a = va = av , 

y* xs^(y) ^s^-i(y) , {(p,a)^5{(p)a. 

The operator d{(p) obeys the Leibniz rule 8{^)v^ = kv^^^(p{v). The algebraic rela- 
tions satisfied by jU and 5 are the canonical commutation relations (CCR): 

M(v)M(v') - M(vV(v) = , 5((p) 5icp') - 5{(p') 5((p) = , 

5((p)M(v) -Ai(v) 5{(p) = (p(v)IdsK . (2.12) 

Letting w = v + (p G y © y* = act on S{V) by 

v + (p^At(v) + 5((p) , (2.13) 

one gets a representation of the Weyl algebra lt)(W^) on S{V). The representation space 
S(y) is sometimes referred to as the oscillator module of rD(y © V*), as it carries the 
so-called oscillator representation of the metaplectic group of W . 

A Hermitian structure ( , ) on y induces a canonical Hermitian structure on S(y) as 
follows. Let a complex anti-linear isomorphism c : y y* be defined by cv = (v, ■) , 
and extend this to a mapping c:S(y)-^S(y*)in the natural manner, i.e., by applying 
the map c to every factor of an element of S(y). For example, c(vv') = {cv){cv'). 
Now, using the canonical pairing of the vector space S(y) with its dual vector space 
S(y)* = S(y*) one defines a Hermitian scalar product ( , )sv : S(y) x S(y) ^ C by 

(4>,4>')sv = (c4>)(4>'). 

With respect to this Hermitian structure of S(y) one has 

M(v)^ = 5(cv), (2.14) 

and in this sense the operator 5 is adjoint to ji. (Throughout this paper the symbol t 
denotes the operation of taking the adjoint w.r.t. a given Hermitian structure.) 

There exists a second way of implementing the relations (|2.1 II) of the Weyl algebra 
rD(W^). Instead of S(y) consider the symmetric algebra S(y*) of the dual vector space 
y*, and \e,iv + (p eW operate on S(y*) by 

v + (p^5{y)-ji{(p) . (2.15) 

With the modified sign (d ^ jl and ji —5), which is forced by the alternating nature 
of the basic form (I2.10|) . this still defines a representation of ro(V7). 
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A Hermitian structure of V still induces a canonical Hermitian structure of S(V*), 
and the relations (12.141) continue to hold in the adapted form lJ.{(py = 5{c^^(p), or 
5(v)^ = /i(cv). Our full setup below will utilize both representations (12.131) and (12.151) . 

2.3. Oscillator character. — Let the complex Lie group GL(y) still act on its funda- 
mental module V = as v t-^ , but now consider the induced GL( V)-representations 
(0^ on the symmetric powers S*^(V): 

0}\g){vi---Vk) = (gVl) ■ ■ ■ (gVk) . 

These combine to a representation (O on the symmetric algebra S(y): 

©^>Q (0^ = (D : GL(y) ^ GL(Sy) . (2.16) 

Since the sum over symmetric powers is an infinite sum, the character of this represen- 
tation does not exist for all g E GL(y). Rather, the following is true. 

Equipping V = with its standard Hermitian structure {,) ,\et g t-^ g'' denote the 
operation of taking the adjoint with respect to ( , ). Then consider the set 

li<{V) = {heGL{V)\h'^h<ldv} , (2.17) 

i.e., the set of elements h E GL(y) with the property {hv ,hv) < (v,v) for all v eV . 
Clearly, every eigenvalue X oi h E H^(y) has absolute value |A| < 1. If ^ G GL(y) 
and h E W^iV), then h^h < Idy implies {hg^hg < g^g. Thus H^(y) is a semigroup. 

Now, if ^ G GL(y) can be diagonalized and has eigenvalues Ai, . . . , Aj, the character 
of the representation (O^ : GL(y) GL(S^y) takes on g the value 

l<;i<...</i<d 

If the additional requirement g E H^(y) is imposed, these values can be convergently 
summed over all symmetric powers k>Oto give 

oo d 

£Tr£o^(^)= £ = 11(1-1^)-'. 

k=0 {ni}eim{0})d i=l 

Clearly, the right-hand side is the reciprocal of a determinant, Det^^(Idv — g). Thus 
the character of the representation (12.161) can be written as 

Trsv(0(^)=Det-i(Idv-^) (2.18) 

for diagonalizable g E H"^ (y), in which form the formula extends to the case of general 
g E H'^(y). Indeed, by the Jordan decomposition every g is a sum of semisimple (i.e., 
diagonalizable) and nilpotent parts, and the nilpotent part of g contributes neither to 
the character on the left-hand side nor to the determinant on the right-hand side. 

Besides the GL(y) -representation CO on S{V), we also need the representation CO : 
GL(y) GL(Sy*) which is defined as the direct sum CO — ®k>o w J 

a\g){(pv(pk) =Det-\g){(piog-^)---{(PkOg-^) , 



20 



J.B. CONREY, D.W. FARMER &. M.R. ZIRNBAUER 



of components (b^ : Gh{V) GL(S^V*). An important observation is that although 
we have c = T^ar on the fermionic side, the representations co and CO are not isomor- 
phic. (There is no such thing as a particle-hole transformation T for bosons.) Indeed, 
while the character of 0) exists on li^{V), that of CO exists on the opposite semigroup 
H>(V) = {h e GL(y) I h'^h > Idv}, where it has the value 

Trsv*a){h)=Der\h)Der^{ldv-h^^)=Der\h-ldv) . (2.19) 
The following statement is an analog of Prop. [ZTI and is proved in the same way. 

Proposition 2.2. — Taking the differential of the representations (O : GL(y) GL(Sy) 
and (0 : GL(y) GL(Sy*) at the neutral element one has 

co^iX) := f^pi{Xei)5{f) , «,(X) = - £ 5(Xe,)ju(/) . 

(=1 !=1 

2.4. Enter supersymmetry. — Drawing on the material of Sects. I2.1j - I2.3[ we can 
now express the product of ratios of characteristic polynomials (|l.ll) as a product of 
characters. Let y be a Z2-graded vector space which decomposes as 

y = yi © yo = iy^ © yf ) © iy^ ®Vq), (2.20) 

and introduce the following tensor product of spinor and oscillator modules: 

r :=A(y+)©A(yf*)©s(yo+)©s(yo-*) . (2.21) 

Let a product of representations 

R : G = GL(y+) X GL(yf ) x GLiV^) x GL(yo-) ^ GL(r) 
be defined by 

R{gt,g~i,gtsQ) = o{g+)d{g-,)(o{g+)(o{g^) , (2.22) 
where each of the factors o, d, co, and co operates on the corresponding factor in the 
tensor product Y (and is trivial on all other factors). The character formulas (|2.7I) . 
(12. 9k (|2.18l) . and (12.191 ) then combine to the following statement for the character 
STryR = Try^R - Try^R of the Z2-graded representation space 'f = 

Proposition 2.3. — The character of the 'Li-g^'^ded representation R of Eq. ( 12.221) 

exists for (jc,y,w,z) G GL(yj+) x GL(yj^) x W^iV^) x H>(yQ") where it has the value 

Det(Id^+ - x) T>ei{y - Idy- ) 



Det(Id^,+ - w) Det(z - Id^- ] 



We now take the components of the Z2-graded vector space V of (12.201) to be 

y± = t/±©c^ (T = o,i) 

with Hermitian vector spaces Uq = = and Uq = = C^. We also introduce 
t := (t^ ,t^^ Jq) where the components tf are diagonal operators in End(L''^), 

t+ = diag(e*'^i , . . . , eiV'p) , ?f = diag(e'V'y.+i , . . . , e'Vp+,) ^ 
t^ = diagje"^! , . . . , e'^'O . ^o" = diag(e'^/^+i , . . . , e'^^+'j) , 
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with complex parameters i/Zi , . . . , (j)p+q . Let u G Uyy , the unitary group of the Hermitian 
vector space C^. With every pair (f, u) we associate an element ? ® m G G by 

t®U = {t^ ®U,t^ ®U,tQ ®U,tQ ®u) . 

Corollary 2.4. — If the parameters are restricted to the range ^it^j < < yit^ifor 
j = and I = p+\,. . . ,p + q, the operator R{t ®u) : Y is trace class and 

r,. ^ ADet(Idw-ei'^;M) Det{e'Vi - u) 

Proof. — By the restriction on the range of the parameters and 0/ , the operator 
t^(Siu lies in H< (i7+ (g) C'^) and t^ ®u lies in H> {Uq ® C^) . Therefore the formula 
of Prop. 12.31 applies with {x,y,w,z) = {t^ ®u,t^ ®u.,tQ ®u,tQ ®u). In particular, 
it follows that the supertrace of R{t ® u) converges absolutely. By the elementary 
manipulation 

Det(eiV'' u - Un) _ Det(ei"''' Id^ - u) 
Det(e'^'' u - Un) ~ Det(e'^'' Id^ - u) ' 
the expression for STxyR{t eg) u) is brought into the stated form. □ 

Remark. — Note that the expression for STr f/Rit ® u) can be written as 

, ^^Detrid^-e^V^M) 

Si:xyR{t®u) = n — ^ . 

^ ^ ti Det(Idyv - e^* w) 

This simpler expression hides the fact that complex conjugates U are lurking here by 
the implicit condition on the range of the parameters ^i^. Nonetheless, it is this last 
expression for STT fR{t u) which will be quoted in Prop. I2.10l below. 

Cor. 12.41 says that (11.11) is a character. While of no immediate use by itself, this obser- 
vation becomes a powerful fact when combined with the following message. 
Since u) = , Id) ■ (Id , u) = (Id , u) ■ (? , Id) and the sequence of maps 

{t,u)^t®u^ R{t ® u) 

is a homomorphism, we have a decomposition 

R{t®u)=p{t)r{u) = r{u)p{t) , (2.23) 

where the factors are 

p{t):=R{t®\d) , r{u):=R{ld®u) . (2.24) 

It will turn out that these factors correspond to a so-called Howe pair (0t„|„ , Un) where 
n = p + q. To appreciate this message and reap full benefit from its representation- 
theoretic impact, we are now going to broaden our framework. 
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2.5. Supersymmetric framework. — Recall from Sect. 1 1.21 that a Z2-graded com- 
plex vector space V = V\®Vq determines a complex Lie superalgebra 0l(V), whose 
Lie superbracket is given by the supercommutator [X,y] =XY — ( — 1)1^1 1^1 FX for ho- 
mogeneous elements X ,Y E qHV). 

Another algebraic structure associated with V = V\®Vq,ox rather with 

W = V ®V* = {V^® V^) © (Vo © Vo*) =: Wi®Wq , 

is the Clifford-Weyl algebra of W, which unifies the Clifford algebra c(Wi) of the odd 
component Wi with the Weyl algebra rD(Wo) of the even component Wq . 

Definition 2.5. — Let Q : W x W ^ C be the non-degenerate complex bilinear form 
for which W = Wi®Wq is an orthogonal decomposition and which restricts to the 
canonical symmetric form SonW^=V^® and the canonical alternating form A 
on Wq ~ ^0 ® ^0*- Then the Clifford-Weyl algebra of the Z2-graded vector space W is 
defined to be the associative algebra generated byW®C with relations 

W - (- 1 ) 1^"! 1^"'! = Q{w, w') (2.25) 
for homogeneous w,w' G V7. We denote it by q(V7) {with q as in "quantum"). 

Remark. — Although q{W) is primarily defined as an associative algebra, it carries 
a natural Lie superalgebra structure. Indeed, q(W) as a vector space inherits from the 
Clifford algebra c{Wi) a Z2-grading by the isomorphism 

q{W) - c(Wi)©rD(Wb) 

~ (c'=^'="(Wi)®ra(Wo))©(c°'i'^(Wi)®m(Wo)) , 

and the supercommutator (|1.18l) determined by this Z2-grading is compatible with the 
defining relations (12.251) . 

There is a canonical way in which the Lie superalgebra qI{V) is realized inside the 
Clifford-Weyl algebra q{V ®V*). To describe this realization, fix any homogeneous 
basis {e,}/=i^...^dimV of V, and denote the dual basis of V* by {/'}. Then consider the 
isomorphism of Z2-graded vector spaces 

gl{V)^V®V\ (2.26) 

Of course the tensor product V ®V* is equipped with the induced Z2-grading 

{v®v*)i = (yo®^r)©(^i®Vo*) , 

{V(^V*)o = {Vq^V^)®{Vi®V^) , 
and with the bracket (for homogeneous elements v ,v' eV and (p, (p' eV*) 

[v 0(p,v'0 (p'] := (p{v') V ® (p' - (-1)!^'®-?! I^'®*?'! (p'{v) v'®(p. (2.27) 
With these conventions one immediately verifies that 

E(x.,) ©/, £(y.,) ®f] = l^i[xj]e,)®f . 

Thus (12.261 ) is an isomorphism of Lie superalgebras. 
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Lemma 2.6. — IfW = V ®V*, the linear mapping 
is a homomorphism of Lie superalgebras. 

Proof. — We regard our mapping qHV) q(y ©V*) as a sequence of two mappings: 
first is the map 0l(V) V ®V* of (|2.26l) . and this is followed by 

Since the first map is an isomorphism, X i-^ X is a homomorphism if v (8> <p ^— > is. 
To show that the latter is true, we use the defining Clifford- Weyl relations (12.251) to do 
the following computation (for Z2-homogeneous factors): 

v(pvV' = (p(v>(p' + (-l)l'Pll^''lvvV(p' 

= (piy') v(p' + (-l)l'Pl l^'l+l^'l l^'l+l-Pl I'P'lv'vcpV . 

Subtraction of {-l)i\"\+MW\+\'P'\)v'(p'v(p on both sides gives 

[v(p,vV'] = (p(vOv(p'-(-l)(H+l'Pl)(M+l<p'l)(p'(v)vV, 

which in fact agrees with the bracket (|2.27l) since |v(g)(p| = |v| + |<p| (mod 2). □ 

As an important corollary to Lem. 12.61 one concludes that every representation of the 
Clifford- Weyl algebra c\{W) for W = V (BV* induces a representation of the Lie su- 
peralgebra gi{V). For this, one just sends X E qI{V) to its image in c\{W) under the 
mapping of Lem. 1X61 and then applies the given representation of c\{W). 

We now adopt the following supersymmetric framework, which unifies and extends 
the algebraic structures underlying Sects. [01 - 12. 3 1 

Definition 2.7. — Given a 'Z2-graded vector space 

v = Vi®Vo = {v+ © yf ) © {v+ © Vq) 

and its Clifford-Weyl algebra q{W) for W = V (BV*, define s^\f C q(VF) to he the 
graded-commutative subalgebra generated by the Q-isotropic vector subspace 

iv+®{v,-r)(Biv+®{v,r)cw. 

On s^Y let the operators of alternating multiplication e, alternating contraction l, 
symmetric multiplication ji, and symmetric contraction 5, be defined as usual. By 
the spinor-oscillator representation q : q{W) End(M') we mean the representation 
which is given by letting the elements ofW^ = © (V/)* © © (V^)* operate as 

<v+ + (p+ + vY + (p{) = £(v+) + + i(vr) +e((pf) (t=1), 
w(v+ + (Po+ + Vo +9(7) = ^{v+) + 5{(p+) + d{vQ)~{x{%) (t = 0). 

Remark. — The operators e{v^), i{(p^), and i{v^), e(<pf ) obey CAR (|23l ) tran- 
scribed to M^; the operators jU(vq ), ), and 5(vo ), obey CCR (12.121) 
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transcribed to £^y; and the two sets of operators commute. Note that the algebra -s^ is 
isomorphic to the spinor-oscillator module ^ of (12.211) : 

^ ^ ^ £ ( v+ © * ) ® £ s' (yo+ © * ) , 

and carries a natural Z-grading by the total degree n = k + l. By this isomorphism, we 
will regard the linear operator R{t®u) of Cor. 12.41 from now on as an operator on sz/y. 

Let : QiiV) — > Qi{£^v) denote the Lie superalgebra representation induced by 
q : q(V7) It follows immediately from Def. l2.7l that 

2.6. Howe duality and a consequence. — We now adapt the tensor-product situation 
of Cor. 12.41 to our expanded framework. Introducing a Z2-graded vector space U, 

U = Ui®Uq= ([/+ © f/f ) © ®Uq), (2.28) 

with = = CP and t/o" = t/f = C^, we make in Def. Othe identifications 

V = U(S)C^, V^ = Ut®C^ (t = 0,1). (2.29) 

This tensor-product decomposition of V gives rise to two distinguished subalgebras of 
0[(y): there is a Lie superalgebra Qi{U) which acts on the Z2-graded vector space U 
as its fundamental module and operates trivially on the second factor, C^; and there is 
a Lie algebra gl^ which acts on and is trivial on the first factor, U . 

R. Howe, in 1976, wrote an insightful article "Remarks on Classical Invariant The- 
ory" [|T2l which has much bearing on our present situation. The main concept is this. 

Definition 2.8. — Given an orthosymplectic 'L2-graded vector space W, let (r,r') 
be a pair of Lie (sub-)superalgebras in ospiW). Such a pair is called a reductive 
supersymmetric Howe dual pair ifT' acts reductively on W and T is the centralizer of 
T' in 05p{W). The pair is called classical ifT' is a classical Lie algebra. 

Proposition 2.9. — IfV = U ©C^ as above, the pair (0l(f/),0W) ^ classical re- 
ductive supersymmetric Howe dual pair in osp(y © V*). 

Proof. — The action of the classical Lie algebra onW :=V (BV* is reductive by 
the assumed tensor product structure V = i7 © C^. 

and gl{U) act on different factors of a tensor product V = U ©C^; therefore 
the two actions commute. Conversely, if X G osp(M^) commutes with every Y E qIj^ , 
then X must be in qI{V), since the two g [^-representation spaces V and V* belong 
to different isomorphism classes. Because is gtyy-irreducible, it follows that X E 
qI{U). Thus gl{U) indeed is the centralizer of g[^ in osp{W). □ 

Now set n = p + q and note the identifications U = C"'" and qI{U) ~ g[„|„. As be- 
fore, let i?* : qI{V) — > g[(M') be the representation which is induced by the spinor- 
oscillator representation of the Clifford- Weyl algebra q(V © V*) on £/v- Given R^ and 
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the identification V ~ C"'" ® C^, one immediately has a representation of the Lie 
superalgebra 0[„|„ gl{V) on £^v' 

P* '■ 5K\n qK-^v) , xh->i?*(jc(g)Idyv) . (2.30) 

Similarly, the g[(y) -representation induces a representation of glpj ^ by 

: fltyv ^ sKM') , y^R*{ld„\„(g)y). (2.31) 

The latter arises also from the UA^-representation r of (|2.24l) . by linearization at u = 
Id^ and complexification. This representation is unitary if jz/y is given its canonical 
Hermitian structure, in which 

M(v+)t = 5(cvo+), e(v+)t = i(cv+), 

^(vo)^ = M(cvo) , i(v7)^ = e(cv7) . 

(See Sect. 12.21 for explanation in the bosonic case; the fermionic case is similar). In- 
deed, using these relations it is readily seen that r^{yy = —r^{y) for j G Uyy = LieUA? . 
Note also that y Eun acts on the spinor- oscillator module £/v by operators of type ei, 
le, lid, and none of which changes the degree of the Z-graded algebra 

What we have at hand, then, is a Howe pair ,0tAr) where the second member 
= Um + iuA? acts on the spinor-oscillator module by complex linear extension 
of the representation of its compact real form uyy ■ In such a situation one prefers the 
notation (0i„|„ ,Uiv) = (r,^) and speaks of a Howe dual pair with compact group K. 

For present purposes, a major result of Howe's theory of dual pairs (F,^) with 
compact group K is Thm. 8 of Jill, which is concerned with the question of how the 
spinor-oscillator representation decomposes with respect to the action of (F, K) . In our 
case of (0[„|„ ,UAf) represented by 

the theorem implies that the Uyy-trivial isotypic component of s^y, i.e., the space of 
UAf-invariant vectors in s^y, is an irreducible representation space for 0[„|„ . 

To make use of this fact, recall from (12.241) the definition p{t) = R{t0ld/^) for the 
diagonal operators t = {t^ ,t^^ J^) specified for Cor. 12.41 If t is reinterpreted via 

GL([/+) X GL([/f ) X GL([/(+) x GL{Uq) ^ End(t/) 
as a linear operator on U with logarithm \nt E qI(U), the infinitesimal representation 
P* ■ qU" ~^ qK-^v) is related to p by p{t) = e''*('"^). 

Proposition 2.10. — Denoting by du the Haar measure of K = Ua? with total mass 
equal to 1, define a function t ^ xi^) by 

f " Det(Id,v-e^ . 

t ^ Xit) := / T-, 1 — rdu . 

^' Vu^y Det(Idw-e'^'*M) 

In the range of parameters t = ^(v^ytj^A:) specified in Cor \2.4\ this function has an 
alternative expression as a character: 

X{t) = STx^^Kpit) = STr^KRit^ld^) , 



26 



J.B. CONREY, D.W. FARMER &. M.R. ZIRNBAUER 



which is an absolutely convergent sum over £^y, the irreducible Ql„^„-representation 
space spanned by the K-invariant vectors in the spinor-oscillator module s^y. 

Proof. — Take the jz^-supertrace of the factorization (12.231 ) and integrate over K: 
I STr R{t ®u)du = / STr p{t)r{u) du . 

JK JK 

On inserting the explicit form of STr^^/^ u) stated in the remark after Cor. 12.41 the 
left-hand side of this equality turns into the defining expression for 

In the prescribed range for t, where STXg^y p{t)r{u) converges absolutely and uni- 
formly in u , one may interchange the order of taking the trace over jz/y and integrating 
over the compact group K. The result of doing the latter integral is another absolutely 
convergent sum, which coincides with STr^^ p (t) . Indeed, since r is a unitary repre- 
sentation of K on £/y, Haar-averaging the operator r{u) over ueK yields the projector 
onto £/y, the subspace of ^-invariants in s^y. 

The irreducibility of £/y w.r.t. the g[„|„-action is implied by Thm. 8 of lfl2l . □ 

Remark. — Since the A'-action on £/y preserves the Z-grading of this graded-commu- 
tative algebra, the subalgebra of A'-invariants s/y is still Z-graded. For the same rea- 
son, the Z2-grading of £/y defines a Z2-grading of .s^y. 

Our function t ^ is identical to the function on the left-hand side of the statement 
of Thm. 11.11 We have thus established that left-hand side to be a character associated 
with the irreducible representation {s^y ,p^) of 0[„|„ . This completes the first step of 
the programme outlined in Sect. |1.4[ 

We shall see that the character x{t) is expressed by a generalization of the Weyl 
character formula for irreducible representations of compact Lie groups. If that gener- 
alization were available in the published literature, we would already be done and this 
paper could end right here. However, the required generalization apparently has not 
been worked out before; it will keep us busy for another three main sections. 

2.7. Weight expansion oix- — We begin our investigation of the character by 
gathering some standard facts about the Lie superalgebra q = qI{U) — . 

Let t) C Q denote the maximal Abelian subalgebra which is generated over C by 
the projection operators E^^ G End(L''^) of Cor. I2.4[ Although the variables , . . . , ^„ 
were originally introduced as parameters, it is now natural to reinterpret them as linear 
coordinate functions on [) . Adopting this new perspective we expand H El) a.s 

H = diag(iv/i (//),..., ixj/p+g{H),(l)i (//),..., (l)p+q{H)) . 

In Lie theory, the non-zero eigenvalues, a, of the adjoint action of f) on g are called the 
roots of the pair (f) ,g). In the present context, a root is called even or odd depending 
on whether the eigenvector X in the eigenvalue equation [H,X] = a{H)X is an even or 
odd element of g . The even roots of our Lie superalgebra g = gl(U) are ixj/k — iV4' and 
— 0yf (for k 7^ k'), while the odd roots are ixiTk — and (^k — 'Wv (foi" any k, k'). 
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By general principles, if a is a root, then so is —a. Let us fix a system of positive 
roots, A+. For that, we arrange the coordinate functions as an ordered set: 

01 , . . . ,0p,iV/i , . . . ,iy/p ,iy/p+i , . . .,i\j/p+g,^p+i , . . . , ^p+q , (2.32) 

and take A+ to be the set of differences x — y where x and y are any two entries from 
this sequence subject to the requirement that x occurs later than y. To illustrate: 02 — 0i 
and ii/Aj — 0i are two examples of positive roots. If C g denotes the root space of 
the root a, i.e., the ad(())-eigenspace with eigenvalue a, then 

g = n"©t)©n+, n+ = £ g" , = g~" . 

While all this is standard and applies to semisimple Lie algebras and superalgebras 
in general, the situation at hand is actually ruled by a coarser structure. Rearranging 
the components of the vector space U of (12.281) as 

U = U+®U-, U^ = Uf®U^, (2.33) 

our Lie superalgebra g = gl{U) is Z-graded by a direct-sum decomposition 

= 0(-2)©g(o)eg(2)^ (2.34) 

where the middle summand is a Lie (sub-)superalgebra in g: 

g(0) =g[(t/+)©g[(t/-) =glp|p©g[,l,, (2.35) 
while the first and last summands are Z2-graded vector spaces 

^ Hom(t/+, [/") , g(2) = Hom(t/", t/+) , (2.36) 
which are g^^^-modules by the adjoint action. Note the inclusions 

[) C g(°) , g("2) C n+ , g^^^ C n . (2.37) 

The first one is obvious. The last two follow from our choice of positive root system 
by noticing that the functions y/i,..., ^p+q have been arranged in (12.321) so that the first 
2p of them vanish on () fl Qi{U^) and the last 2q vanish on \) fl g[(t/+). (The apparent 
sign inconsistency is forced by our desire to follow mathematical conventions and treat 
the lowest-dQgxQQ subspace of sz/y as a highest-^eighi space.) 

The decomposition (12.341) reflects the way in which Qi{U) ^ qK^) = dK^ ® ^'^) 
is represented on the spinor-oscillator module of Def . [2771 the elements in g'^^) act 
as operators of type ee, £/i, or /i/i, which raise the degree in and by two; the 
elements of g^^^^ act as operators of type ll, l5, or 55, which lower the degree by 
two; and g(^) is represented by degree-preserving operators of type ei, £5, jll, or 

The following proposition means that {s^y, p*) is a highest-weight (actually, lowest- 
weight) representation of g[„|„ . As usual, the eigenvalues and eigenspaces of the [)- 
action by on £/y - are called the weights and weight spaces of the representation. 

Notice that the subspace of constants C C (the "vacuum" in physics language) 
is invariant under the action of ^ = Ua? and hence lies in £/y-. 
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Proposition 2.11. — The one-dimensional subspace of constants C C s^y is a cyclic 
sub space for s^y under the action of the algebra q^'^^ of raising operators. It is stabi- 
lized by the subalgebra q^^^ © fl*^^^-*- The weight of this subspace is 

Proof. — The degree-zero subspace of £^v is one-dimensional, being given just by 
the constants, and this remains of course true on passing to s^y . Because zero is the 
smallest possible degree and the action of q^'^^ changes the degree by k units, 0*-^^^ 
annihilates the degree-zero subspace C C s^y , and g^^) stabilizes it. 

The cyclic property, i.e., the fact that every vector of s/y is generated by the suc- 
cessive application of raising operators in q'^'^\ is asserted by Thm. 9 (iii) of [12J. 

Let now z G C C s^y be any non-zero constant. Applying to it the operator p^{H), 

N q 

p4h)z = ££(iv/z+p(//)i(ei;,®e«)e(/l''®r) 

a=l/=l 

~(^,+p{H)d{eQi0ea)^iifj0fn)z. 

and using the relations i(v)e((p) • 1 = (p(v) and 5{v)ii{(p) ■ I = (p{v), one sees thatz G C 
is an eigenvector with the stated eigenvalue Xf^{H) for any H Ei). □ 

Now define a real form f)^ of f) by demanding that all of the C-linear coordinate func- 
tions ii/Zyt : f) ^ C and ^k'- f) ^ C take imaginary values on . The diagonal transfor- 
mations expH for H E i)'-^ then form a compact Abelian group, and the 0[„|„-module 

£/y decomposes as an orthogonal direct sum of weight spaces Vy with respect to the 
unitary action expH t-^ expp*(//): 

■<^v^ © (2-38) 

weights 7 

Proposition 2.12. — Expressing the weights y of the decomposition ( \2.38\) as 

their coefficients are integers in the range 

nj<0<mk<N<ni {l<j<p<l<p + q). 

Proof. — From general theory [18J one knows that the weights of an irreducible rep- 
resentation with highest weight A are of the form A +^Caa where the coefficients Ca 
are non-negative integers, and the sum over roots excludes those a whose root vectors 
annihilate or stabilize the highest weight space. In the present case, where the highest 
weight space is annihilated and stabilized by g^^^-* resp. g^^\ we introduce the set 

A+:={aGA+|s-«C0(2)}, (2.39) 

and the weights of the representation {£^y, p*) are then of the form 
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with integers c« > 0. Since 0*^^^ = Hom(i7^, i7+), the choice of ordering in the list 
(12.321) means that the set Aj^ consists of the roots obtained by subtracting an entry in 
the second half of the list from an entry in the first half. These are the roots 

^i-^j, <^i-Wj, Wi~^j {^<j<p<l<p + q) ■ (2.40) 

Subtracting from the highest weight Xm a linear combination of these roots with pos- 
itive integers as coefficients, one gets weights 7 with coefficients in the range nj < 0, 
ni > N, irij > 0, and mi <N (for j, I still subject to 1 < j < p < / < p + ^). 

The stronger condition < < N (for all k = I, . . . ,p + q) is best seen by going 
back to the integral formula for the character x of {£^y, p*) in Prop. 12.101 Indeed, since 
Det(IdA^ — e"'''^ u) is a polynomial in e"''* of degree A^, the weight-space decomposition 
of £/y must be such that only the powers e™k¥k with < < appear. □ 

Remark. — The weights 7 of the weight-space decomposition (12.381) are analytically 
integral, i.e., whenever// G P) is such that exp// G End(t/) is unity, then e^*^^) = 1 . 

Let now denote the set of weights of our representation {^/y.p^) with highest 
weight Xn and Z2-grading = {£/^)o © (i2//)i. For 7 G F;t Put |7| := if Vy C 
{■^v )o ^iid 1 7I := 1 if Vy G {-s^y) 1 . (One of these must be true, as roots are either even 
or odd and weights are generated additively and integrally from roots.) 

Corollary 2.13. — The gl^^^-character x has an expansion as a sum over weights, 

which converges absolutely in the domain for t defined by 

^t(^j{\nt) <Q<^t^i{\nt) (1 <j<p<l<p + q) . 
The coefficients mj^, nj^ of the weights 7 G F^ lie in the range specified by Prop. \2.12\ 

Proof. — Based on Prop. |2.1()l compute ;^(?) = STr^A: p(r) by using the weight-space 

decomposition of s^y and the fact that p{t)v = e^**^^"^)v = e^*^^"^)v for v eVy. The sign 
factor arises because one is computing a supertrace and the vector space Vy has parity 
(—1)1^1. Since |e^'^^"'^''| = e^^^^^"'^), absolute convergence in the stated domain for t 
follows from the limited range of the coefficients m^t , nj^ as given in Prop. |2.12[ □ 

Remark. — Finding the multiplicities dim(Vy) is a combinatorial task which we shall 
side-step in this paper by digging deeper into the structure of the problem. 

3. Background material from superanalysis 

Our task is to compute the character t ^ x{t) and show that it is given by the right- 
hand side in the statement of Thm. 11.11 For that purpose it is not prudent to cling to 
the limited view of ;^ as a function of the diagonal operators t . Rather, to get enough 
analytical control we are going to exploit the fact that X extends to a function on (a 
certain subspace of) the Lie supergroup GL„|„ . The desired statement will then follow 
rather easily from some standard results in superanalysis. 
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Since superanalysis is not a widely known subject, we inject the present section to 
collect most of the necessary material for the convenience of the reader. (Experts in 
superanalysis should of course skip over this section.) 

3.1. The vector bundle underlying a classical Lie supergroup. — Lie supergroups 
have been defined and studied by Berezin Here we will review a simplified defini- 
tion, which uses nothing but canonical constructions in geometry. 

Recall from Sect. 1 1.21 the notion of a Lie superalgebra q. In the sequel we will be 
concerned only with = and q = osp . Our number field K is either M or C . 

Let now G be a Lie group with Lie algebra Lie(G) = So C 3 . In the case of g = gl^i^ 
we take G ~ GL(K^) x GL(K^), i.e., the set of linear transformations 

?i 
^0 

with ^1 G GL(K^) and ^0 e GL(K«). If = osp^i^ we take G ~ SO(K^) x Sp(K?). 

To construct the Lie supergroups = GL^i^ and (S = OSp^^j^ one should in princi- 
ple invoke a Grassmann algebra of anti-commuting parameters to exponentiate the odd 
part 01 of the Lie superalgebra q [2J. The difficult step in this approach is to explain 
exactly what is meant by the group multiplication law. We will therefore adopt the 
viewpoint offered by Deligne and Morgan in their Notes on Supersymmetry (follow- 
ing J. Bernstein) [lOJ; see also [20J. In that approach, supergroup multiplication is 
described only at the infinitesimal level, as follows. 

With the aim of constructing a certain important vector bundle (see below), consider 
the mapping 

P=GxG^G, {h' ,h)y^h'h^\ 

and view P as a G-principal bundle by the right G-action {h' ,h) ^ (h'g.hg). The 
structure group G of P also acts on the odd part gi of the Lie superalgebra g by the 
adjoint representation. Ad ; in the cases at hand the adjoint action of G on g is 



Ad 



goj ■ \C DJ V^oC^r So^So 



1 „ n„ 1 



and the G-action on gi is obtained by restricting to A = D = 0. 

It is then a standard construction of differential geometry to associate to the principal 
bundle P ^ G a vector bundle F ^ G with total space 

F = Py<G5i , 

whose elements are the orbits of the diagonal right G-action on P x gi . In other words, 
the fibre of F over a point x = h'h^^ G G is the vector space F;^ — 0i of G-orbits 

[{h',h) ; Y] = {h'g,hgAd{g-')Y \geG} (y G 01) . 

The adjoint representation Ad of G on 01 induces a representation (Ad*)^^ of G 
on A(0j), the exterior algebra of the dual of gi . Thus, along with the vector bundle 
F — > G we have a vector bundle 

A{F*)^G, 



HOWE PAIRS, SUPERSYMMETRY, AND RATIOS 



31 



whose fibre over a point h'h ^ = x e G is AF* ~ Ag^, i.e., the vector space of G-orbits 

[{h\h);a] = {h'g,hgAd*{g)a \ g e G} {a e Ag\) . 

Of course the exterior multiplication in the fibre AF* over .jc = h'h~^ is defined by 

[{h',h);a]A[{h',h);b] = [{h',h);aAb] {a,beAQl) . 

Given the vector bundle AF* — > G, we will now consider the graded-commutative 
algebra, of smooth sections of AF*: 

^:=r(G,AF*) . 

Here the basic idea is that a Lie group (just like any manifold) can be described either 
by its points, or by the algebra of its functions (more precisely: the sheaf of algebras). 
In the case of a Lie supergroup, the latter viewpoint is the good one, i.e., one uses a 
description by the algebra of superfunctions, and this algebra is none other than 

3.2. 0-action on a Lie supergroup. — A very useful fact about ^ is that its elements 
are in one-to-one correspondence with maps ^> e C°°(P, Ag^^, i.e., with smooth func- 
tions ^> on P = G X G that take values in A{g\) and are equivariant w.r.t. G : 

^{h',h) = Ad*{g-')^ih'g,hg) ih\h,ge G) . 
Indeed, such a function 4> determines a unique section s e ^ by 

s{h'h-') - [{h',h);^{h',h)] = [{h'g,hg)-Mh'gM] ■ 

In the sequel we assume the identification C°°{P,Aq\)'^ ~ ^ by this bijection to be 
understood, and we will often abuse language to call 4> e C°°(F, Aq\)'^ a section of ^. 
The algebra ^ has a natural Z2 -grading ^ = © ^\ by 

The numerical (or C-number) part of a section s E ^ will be denoted by num(5) . 

An even derivation of ^ is a first-order differential operator D : ^0 =^0 and 
D : =^1 — > =^1. An odd derivation is a first-order differential operator D : ^\ 
and D:^\^^Q satisfying the anti-Leibniz rule D (st) = (Ds) t + (-l)\'\sDt. 

3.2.1. The action of qq. — We are now ready to specify half of the Lie supergroup 
structure. The Lie group G acts on =^ ~ C°°(P, Aq\)^ in the obvious manner: there is 
a G-action on the left by 

{Lg^){h,h') = ^{g-\h'), 

and a G-action on the right by 

{Rg^){h,h')=^{h,g-'h'). 

Specializing these to the infinitesimal level we get the corresponding canonical actions 
of the Lie algebra go by even derivations of 



d 

:= — L, 



7R d 



t=o dt 
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Note the representation property = [Xi.Xi] and [Xf,Xf] = [Xi.Xi] . 

3.2.2. Grassmann envelope. — The odd part qi of the Lie superalgebra q acts on the 
graded-commutative algebra ^ by odd derivations. To describe this action one needs 
the notion of Grassmann envelope of a Lie superalgebra. 

First, consider End(V) for some basic Z2-graded vector space V . Picking any pa- 
rameter space K'^ and denoting its exterior algebra by 

the Grassmann envelope of End(V) by Q. is the vector space 

Endn(V) =0^^Q^f2,®End(y),. 

Thus an element t, E Endf2(y) consists of an even part with commuting parameters 
as coefficients and an odd part with anti-commuting parameters as coefficients. When 
End(V) is realized by matrices, ^ is called a supermatrix. 

There exists more than one associative multiplication law to turn the vector space 
Endf2(V) into an associative algebra. To achieve consistency, we have to adopt here 
the convention of a Grassmann envelope of the second kind L2J. This means that the 
associative product for homogeneous a, /3 G ^2 and X, 7 G End(y) is defined by 

{a®X){P®Y) (-1)1^1 l^laj8(g)Xy , 

where we follow the general sign rule [TO^ which tells us to insert a minus sign (due to 
reversing the order) when both X and /3 are odd. 

Now transcribe this construction to the case of a Lie superalgebra g = QiiV) or 
g = osp(y). The Grassmann envelope of g by Q then is the vector space 

and this carries the natural structure of a Lie algebra with commutator bracket defined 
(still for homogeneous a,j8 G ^2 andX,y G g) by 

[a®X,/3®y] := (-l)l^ll^la/3®xy-(-l)l^ll«l/3a®yx 

= (-i)i«ii^iaj8®(xy-(-i)i^ii^iyx) = /3a®[x,y] , 

where \X,Y] is the bracket in g. Note that our Lie group G naturally acts on the 
Grassmann envelope by the adjoint action Ad(^) {a®X) := a ® Ad(g)X . 

3.2.3. The action of Qi . — Now fix some basis {F,} of gj , and denote the dual basis 
of gj by {(p'}. (The construction to be made does not depend on which basis is chosen.) 
Then let t, G g^ gj be the tautological object 

and repeat the change of interpretation that was made for the operator B in Sect. 11.21 the 
F; G gi are viewed as linear transformations and multiplied as linear transformations; 
whereas the (p', being linear functions on the odd space gi , are multiplied via the wedge 
product and viewed as a set of generators of the exterior algebra A(gj). 



HOWE PAIRS, SUPERSYMMETRY, AND RATIOS 



33 



Notice that, when q = Ql(y) or q — osp(V) acts on its fundamental module V, the 
exponential e^ makes sense as an element of the Grassmann envelope EndAg* (V) : 

= e^'P'®^' = 1 ® Idv + (p' ® F,- + i ® F,- F^- + . . . . 

Further, the mapping P^GxG^ EndAg*(y) by (h'.h) ^ {l0h')e^'P'®^' {l®h)-'^ 
is equivariant with respect to G. Indeed, dropping the trivial factors of unity, one has 

and since ^ = £ 9' (8) F,- is G-invariant by definition, one may trade the right G-action 
g I— > Ad(g^) on gi for the induced action g 1— > Ad*{g~^) on g\ . 

Using the notion of Grassmann envelope for g , we are now going to describe the 
action 7 1— > 7^ of an odd generator 7 e 01 on the sections 4> e For the purpose of 
differentiation one extra anti-commuting parameter is needed, and we therefore enlarge 
the parameter Grassmann algebra to be 

Let a e K denote a generator of the second summand, K, and fix some basis {E^ } of 
the Lie algebra go C g . The main step toward defining is the following lemma. 

Lemma 3.1 (Berezin). — There exist even- and odd-type functions 

a': gixG^A«^'="(gD, (/ = 1, . . . , dimgi) , 

j8^' : 01 X G ^ A°dd(£,|) , iY,g) ^Plig) (7=1,..., dimgo) 

with linear (resp. dijferentiable) dependence on their first (resp. second) argument, 
such that for all g',g & G one has 

Proof. — The Lie algebra g = g(t2) inherits from g a Z2-grading g = g^'^'^" © by 

g-en^0g(2*)^ -odd ^ ~(2^+l) ^ g{2k+T) ^ ^2k+T ^ (t = 0, 1) . 

k>0 k>0 

Notice that [g'-^^g*^'^] C Q^^^^K so that (Bk>iQ^^^ =: n is a nilpotentLie subalgebra. 

Proving the lemma essentially amounts to showing that, for any g', g&G, there exist 
unique elements Si e and Sq G g®^^° fi n with the property that 

^'e^^-ie^®^=/e^+2ig-ie2o. 

For the purpose of establishing such an identity, we translate by {g'Q^)~^ on the left 
and by g on the right, and then take the logarithm: 

(7©Ad(g)-iy = ln(e-^e^+^ie^''(«)"'^o) . 

This equation is equivalent to the previous one, as the exponential map from the nilpo- 
tent Lie algebra n = ©A:>i0'^*^ to the nilpotent Lie group exp(n) is a bijection. 
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It is clear that both unknowns Si and Sq must contain at least one factor of the 
generator o (and hence exactly one such factor, since = 0). Using a standard 
formula from Lie theory we now combine the first two factors under the logarithm: 

ad^(-^) 



A:>0 



(fc+1)! 



Since o^^i^^) c^^is)- e,, = gr^(Si)+Ad(g)- So by ^^2 ^ q, our equation becomes 

in which form it can be solved for Si = Y^k>\ ^ ^i^d Sq = Ea:>i ^o^^'' by recursion 
infc = 0,l,2, The first few terms of the solution are 

s(;) = a®AdU)-iy, sf,^) = i,Ad(^)[^,s;i)], Sp) = -i,[^,[^,s(/)]], 
and so on. The recursion terminates by nilpotency of the Lie algebra n . 

{2k— x) 

All components 'E\ 'of the solution are linear in Y and depend differentiably (in 
fact, analytically) on g G G. By going back to the original equation g'e'^g^^e^®^ = 
g'e''+'^'g^^e'^", and expanding the solution for Si and Sq in the chosen bases, 

Si =£a;(^)a®F,-, So = £/3/(g)c7®E^-, 
we arrive at the statement of the lemma. □ 

Proposition 3.2. — The odd component gi C acts on sections (^G^byY^-^ Y^, 

where cc' and [5^ are the functions ofLem. 1X71 the operator d/d(p' := i(F/) is the odd 
derivation of A{qI) by contraction, and is the left-invariant differential operator 
determined by Ej G go • 

Proof. — We interpret the identity of Lem. lBTTI as saying that a right multiplication of 
the supermatrix g'e^g^^ by e^®^ is the same as shifting the generators (p' ^ (p' + otty 

and making a right translation by e^^r^'^^J. This observation motivates the proposed 
formula for Y^, by linearization in the parameter o (the sign in the second term of the 
expression for Y^ stems from /3-'a = —a/3-'). It is easy to check that Y^ really does 
map ^ into i.e., if 4> is a G-equivariant map ^ : P —>■ A{gl), then so is y^4>. 
Let now Oi,02 be two anti-commuting parameters, and let Fi, 12 G gi . Then, since 

it immediately follows that the correspondence Y \-^Y^ preserves the Lie superbracket 
of g, i.e., one has the anti-commutation relations 

7? 

[y/^, Yi] = Yl'Yf + YfYl" = [Yi , 72] ■ 
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(Please be advised that if we had used a Grassmann envelope of the first kind, as in 
(11.191) . then there would have been a sign inconsistency in this equation.) Similarly, 

for X e 00 and F e 01 one has [X^, = [Z, Y\ . □ 

What we have described is the action on the right. But the same construction can be 
done on the left, and of course the resulting correspondence 7 h-> 7^ again is an odd 
derivation which preserves the bracket relations of . 

3.2.4. Summary. — Thus for every 7 G 0i we are given two odd first-order differen- 
tial operators and Y^ on sections 4> G such that the superbracket relations 

hold for i = L,R and all X G 0o and 7,71,72 £ 01 • The actions on the left and right 
commute in the graded-commutative sense. 

Unlike the action of the Lie algebra 0o, that of the odd part 0i does not readily 
exponentiate. We therefore leave this at the infinitesimal level. 

Let us now summarize the educational material of this subsection. 

Definition 3.3. — Given a Lie superalgebra = 0o © 0i , and a Lie group G (with 
Lie algebra Qq) acting on the vector space Q\ by the adjoint representation Ad, there 
is a principal bundle P = G x G ^ G and an associated vector bundle F ^ G with 
total space F = P x^q^. If q = gl or g = osp , then by the Lie supergroup (3 = (0, G) 
we mean the graded-commutative algebra of sections ^ = r(G, AF*) carrying the 
canonical actions of by left- or right-invariant derivations. A section of ^ is also 
referred to as a ( super )function on The component in C°°{G) of a section s ^ ^ is 
called the numerical part of s and is denoted by xmm{s). 

Remark. — Supermanifolds, of which Lie supergroups are special examples, are in 
principle constructed by using the language of sheaves, i.e., by joining together locally 
defined functions (here with values in an exterior algebra) by means of transition func- 
tions on overlapping domains. The transition functions for a general supermanifold 
respect only the Z2-grading (not the Z-grading) of exterior algebras. 

What is special about the supermanifolds defined above is that their structure sheaf 
does respect a Z-grading, as it reduces to that of a vector bundle. Therefore it was not 
compulsory to use sheaf-theoretic language in formulating Def. 13.31 Nevertheless, we 
will sometimes refer to ^ = r(G, AF*) as a sheaf of graded-commutative algebras. 

In the case of = Qlp\q and G = GL^ x GL^ one writes 25 = GLp|^ for short. 

3.3. What's a representation in the supergroup setting? — If G is a Lie group (or, 
for that matter, any group), a representation of G is given by a K-vector space V and a 
homomorphism from G into the group of K- linear transformations of V, i.e., a mapping 
p : G ^ GL{y) which respects the group multiplication law: 

Piglgl) =p{gl)p{g2) ■ 
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In the Lie supergroup setting, since we have purposely avoided defining what is meant 
by the group multiplication law, we have to give meaning to the word "representation" 
in an alternative (but equivalent) way. 

Recall that the basic data of a Lie supergroup (5 are a Lie superalgebra = 0o © 01 
and a Lie group G with Lie(G) = 0o- To specify a representation of C5, one first of 
all needs a representation space, which in the current context has to be a Z2-graded 
K- vector space V = Vq®V\. For present use recall from Sect. 1 1.21 the definition of the 
Lie superalgebra 0l(V) = Q^{V)q © 0l(V) i , and let e G G be the neutral element. 

Definition 3.4. — A representation of a Lie supergroup C5 = (0,G) on a Z2-graded 
vector space V = VoQ)Vi is given by a homomorphism of Lie superalgebras 

P* : 00 ^ 0^(V)o , P*- 9i^Qi{V)i, 

and a homomorphism of Lie groups 

p : {GL{Vq) X GL(yi) ^ GL{V)) , 

which are compatible in the sense that (dp)e = p*|go. 

Remark. — Note that for the case of a finite-dimensional representation space V , 
compatibility immediately implies that 

p{g)p,{Y)p{g-')=p,{M{g)Y) G G , y G 1 ) , 
by the formulas p(e^^) = e^'^'^''^''^'^) (for ? G K) and Adoexp = expoad. 

3.4. What's a character of G? — If we are given a representation (y,p*,p) of the 
Lie supergroup 25 = (0, G), we can say precisely - in the language of Sect. 13. II - what 
is meant by its character X- The precise meaning of x comes from its definition as an 
element of ^ = r(G, AF*), i.e., as a section of the vector bundle 

A(F*)=/'x^A(0t) ^ G. 

This section % is constructed from the representation (y,p*,p) as follows. 

As before, fix some basis {F,} of 0i, denote the dual basis of 0j by {(p'}, and recall 
the tautological object = © F, . Then, fixing some pair {h' ,h) G G x G = P, 
consider the task of representing the formal object E = h' e^h^^ as an operator on V, 
with coefficients in A(0j). The obvious choice of operator is 

which is to be viewed as an element of the Grassmann envelope End/\g* (V) . 

Since End/^g* (V) is of the second kind, the corresponding supertrace is defined by 

STr(a®X)(/3®y) := paSTrv{XY) . 

For later use, note that the supertrace on a Grassmann envelope of first or second kind 
always has the cyclic property: STr(S0) = STr(0S) . 
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Now take the supertrace of the operator above to define 

X{h',h) := STTvp{h')e^'P'P*^^''^p{h-^) 

= STvvPih'h-^) +Y,(p'STrvpih')p,{f,)p{h-^) 

+ iJ^(p>'STrvp(/j')p*(Fi)p*(F,)p(/j"') + ... , 

where the Taylor expansion of the exponential function terminates at finite order since 
the (p' are nilpotent. If the dimension of V is finite, this definition makes perfect sense. 
In the infinite-dimensional case, the convergence of STryp(/i'/j-i) etc. is an issue and 
X {h' , h) will typically exist only for [h' , h) in a suitable subset of G x G ; for simplicity 
of the exposition, we here assume this complication to be absent. 

When h and h' are allowed to vary, x becomes a function on G x G = P which takes 
values in A(0j) and is equivariant with respect to G. Indeed, 

X{h'g,hg) = STrvpih')c^'P'P^^^P*^^'^P^^~'^p{h-^) . 
By the compatibility of p and p^, 

l,<P'p{8)p*{^i)p{8-')-I,9'P*{^jAd{8y,)^Y^(p^Ad*{8yp,{Fj) , 
and therefore 

X{h',h)=Ad*{g-')x{h'g,hg). 
where g i-> Ad*(g^^) is the induced G-representation on A(gj). Hence ;^ is an element 
of C°°(P, AqI)^ or, equivalently, a section of r(G, AF*). 

Definition 3.5. — The character determined by the representation (V, p,K,p) of a Lie 
supergroup = (g, G) is defined to be the section x G r(G, AF*) given by 

X{gh-')=[{g,h)-STryp{g)^^^'P*^^^)p{h-')\ , 

whenever this exists. We also write Z = ge^h^^ and xC^) — STrvp(S)/or short. 

Remark. — The numerical part num{x) £ r(G, A*^F*) coincides with the character 
of the Z2-graded G-representation ( Vq © Vi , p ) in the Z2-graded sense: 

num{x){x) = Trvo p (x) - Try, p (x) . 

3.5. X an eigenfunction of all Laplace- Casimir operators. — Primitive charac- 
ters, i.e., characters of irreducible representations, are special functions with special 
properties. Foremost among these is their being joint eigenfunctions of the ring of in- 
variant differential operators. Let us review this general property in the superalgebra 
setting, which is where it will be exploited below. In this subsection we put K = C. 

If is a Lie superalgebra, the universal enveloping algebra U (q) is the associative 
algebra generated by q with the bracket relations of g being understood. A Casimir 
invariant of g then is an element / in the center of U(g), i.e, a polynomial / in the 
generators of g with the property = for all X e g. For example, if Ei,...,E^ 
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(with d = dimg) is a basis of q and Qigxg^Cisa non-degenerate 0-invariant 
quadratic form, the quadratic Casimir invariant is 

where the coefficients are determined by Y^j Q'-'Qjk = ^{ and Qij = Q{Ei,Ej). 
To describe the Casimir invariants of the Lie superalgebra g = gt^ig, let Efj''' with 

a, T = 0, 1 be a standard basis of End(C^I^). This means that the parity of Efj''' is 
a + T (mod 2), the range of a lower index is understood to be ?' G {1, 2, . . . ,p} if the 
corresponding upper index is C7 = 1 and ?' G { 1 , 2, . . . , ^} if C7 = 0, and one has 

Eij E-,j, - d dji^Eij, . 

Lemma 3.6 (Berezin). — There exists a degree-i Casimir invariant If ofglp^^for ev- 
ery £ eN. Its expression in terms of a standard basis of generators Ef^^ is 

Remark. — This formula for is Eqs. (4.35-37) of L2J. From the basic brackets 

[Ef^^Ef/']=Ef/5j,,5'''' -{-\)^''+'^'^'''+''^Ef]'8f,^^^ (3.1) 
it is in fact easy to check that [X,Ii\ = for all X e Qlp^q. 

Now turn to the functions on a Lie supergroup & = (g, G), i.e., to the sections ^» of 
the algebra ^ = r(G, AF*). Every Casimir invariant / G U(g) determines an invariant 
differential operator D(/) - also called a Laplace-Casimir operator - on such functions. 
In the case of the quadratic Casimir invariant I2 this is 

Z)(/2)4> = Y,Q''EtEf^ = Y^Q'^E^Ef^ , 

where Ej 1— > Ej ' are the canonical right- and left-invariant actions of the Lie superal- 
gebra g on the Lie supergroup C5 (see Def. 13.31 ). More generally, D{I) is obtained by 
replacing in the polynomial expression for / each generator of g by the corresponding 
right-invariant or left-invariant differential operator. 

Assume now an irreducible representation (V, p*,p) of the Lie supergroup (J5 to be 
given. Applying any Laplace-Casimir operator D{I) to the character xC^) one gets 

(D(/)z)(S) = STrvp,(/)p(S), 

where p* has been extended from g to U(g) . Recall that we now are working over 
K = C . Since the representation p* is irreducible and the Casimir invariant / commutes 
with all generators of g, it follows that the operator p*(/) is a multiple of unity by 
Schur's lemma: p*(/) = A(/)Idv with A(/) G C. Thus X is an eigenfunction: 

D{I)x = Hl)X- 
This fact will be exploited in Sect. 14. 6[ 
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3.6. Radial functions. — An important fact about the characters of a group G is that 
they are constant on conjugacy classes: xis) = Xi^gh^^) for g,h G G. Functions 
/ : G ^ C with this property are called radial. In the case of a Lie group G the 
infinitesimal version of the radial property is 

= -f/(e-^^e^-^) =(X^+f^)/(g). 

as .5=0 

Notice that the notation used here is consistent with our earlier definition of the actions 
on the left and right, Z^'^, by the identification /2 {g, h) = f\ (gh^ ^ ) . 

Definition 3.7. — A section 4> G ^ of a Lie supergroup iS = (g, G) is called radial if 
^{gxg^^) = ^{x) for all g,x E G, and if 

holds for all 7 G gi , the odd part of the Lie superalgebra g. 

Remark. — An important example of a radial section for the case of g = g[(yi © Vq) 
and G = GL(yi) x GL(Vb) is the superdeterminant (see Def. ll.5l ). 

The material reviewed in Sects. I3.1H3.4I did not depend on the choice of number 
field K = C or IK = M. However, to do analysis with radial functions we now wish to 
abandon the basic case of a complex Lie superalgebra g with complex Lie group G and 
restrict the discussion to a real subgroup Gr C G. 

Hence, let Gr = ^ be a connected compact Lie group. The set of conjugacy classes 
then is parameterized by the elements Hn a Cartan subgroup, or maximal torus, T C K. 
It follows that a radial function ^ on K determines a function 1 1— f{t) by restriction, 
/ : = ^»| J, . Conversely, a function / on T is known to extend to a radial function 4> on 
K provided that / is invariant under the action of the so-called Weyl group W of K. 

Turning to the case of a complex Lie supergroup (25 = (g, G), let A" C G be a con- 
nected compact Lie group whose Lie algebra is a compact real form of go = Lie(G) . In 
the case of 25 = GL,„|„ for example, take K = U„j x U„ . Then let denote the sheaf 
of algebras ^ restricted to K . Note that the restriction still carries the action of the 
complex Lie superalgebra g by left-invariant and right-invariant differential operators. 

Now fix some maximal torus T of ^. A radial section 4> G determines a function 
/ : r — > C by restriction and truncation to the numerical part, 

/:=num($)|^ , 

and this function / again is invariant under the Weyl group W of K. (Please be advised 
that the converse is no longer true! In order for a V7-invariant function / on T to extend 
to a radial section 4> G some extra regularity conditions must be fulfilled; see Part 
II, Chapter 3, Thm. 3.1 of f2]. However, in the application we are aiming at, namely 
the character x of Sect.|2l extendability will be automatic by construction. Hence there 
is no need to discuss the full set of conditions for extendability here.) 

For every Casimir invariant / G U(g) we have a Laplace-Casimir operator D{I) on 
^. If 4> G ^ is radial, i.e., 4> = LgRg^ for all g G G and (7^ + y^)4> = for all 
y G gi, then so is D(/)4>, since D{I) commutes with all of the Lg and Rg and Y^'^. 
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Thus the subalgebra of radial sections in ^ is invariant under the application of D{I). 
The restriction b{I) of D{I) to this invariant subalgebra is called the radial part. 

Given a compact real form K = Gr C G, one can transfer this discussion to the sub- 
algebra of radial sections of the restriction = ^\k, which is still invariant under the 
application of the Laplace-Casimir operators D{I). The radial parts D{I) for (J5 = GL 
or = OSp can then be described as differential operators on the algebra of extend- 
able V7-invariant functions on a maximal torus T C K. We will write them down for 
the case of (5 = GL„,|„ with = 11^ x U„ in Sect. 13.81 

3.7. Block diagonalization of supermatrices. — Berezin has given a description flll 
of the radial parts of the Laplace-Casimir operators for the cases of g = gl and g = osp . 
Since our paper will make heavy use of it, we now give a flavor of the first step of that 
theory. (For this first step, the choice of ^ C G is not yet relevant.) 

Recalling the material of Sect. 13.2.21 let g(n) be the Grassmann envelope (of first or 
second kind) of the Lie superalgebra g = go © g i by the Grassmann algebra f2 = A (g j ) . 
The Lie algebra g = q{Q.) carries a Z2-grading g = g^^^^ g°dd ^nd also a compatible 
Z-grading g = (Bk>oQ^^^- From Ad(^) : g ^ g one has an induced adjoint action of G 
on g and each of its subspaces g(^) for > by a ®X t— > a^Ad{g)X. 

Proposition 3.8. — Let g EG be regular in the sense that Ad(^) — Id has zero kernel 
as a linear operator on gi. Then for any ©i G g°'^'' the supermatrix gc®^ can be 
block diagonalized by nilpotents, i.e., there exist unique elements Sj^^ G g^^^^^) 
and Eq'^*^'* e Q^'^^^ for k>\ such that 

gQ®i =e^ige^Oe"^i 
holds with Si = i:^>i Zf^'^^ e and Zq = Lk>i ^o^^ e g^^'^". 
Proof. — Translate by g~^ on the left and take the logarithm: 

01 =ln(e^'^(s"')^ie^Oe-^i) . 

This equation is equivalent to the previous one, as the exponential map from the nilpo- 
tent Lie algebra n = (Bk>i9^^^ to the nilpotent Lie group exp(n) is a bijection. Using the 
Baker-Campbell-Hausdorff formula to compute the logarithm, one gets an expansion 

01 = Ad(^"^)Si - Si +So - ^[So,Si] + i[Ad(^"^)Si, So - Si] + ... , 

which terminates at finite order by nilpotency. The equation in this form can be solved 
for the unknowns Si and So by recursion in the Z-degree. Indeed, expanding 0i = 
Eyt>i the degree- 1 equation is 

&['^ = {Ad{g-')-ld)Z^^\ 

which has a unique solution for S^^"* because Ad(g^^) — Id = Ad(g^^) (Id — Ad(^)) is 
invertible by assumption. The degree-2 equation determines Sq^'' from z[^^: 

= s(2)-i[Ad(^-i)sS^s(/)]. 
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(3) f3) 

The degree-3 equation determines E\ ' from @\ and known quantities of lower order, 

(4) 

the degree-4 equation determines Sq ' , and so on. □ 

3.8. Radial parts of the Laplacians for U„|„ . — We finish our exposition of back- 
ground material by writing down the radial parts of the Laplace-Casimir operators for 
the case of = GL„,|,^ with K = Um x U„ . This case is referred to as the unitary Lie 
supergroup Um\n ■ The Casimir invariants !( of U(0[„j|„) were given in Lem. 13.61 

Fixing some choice of standard basis E^-,'^' of End(C"'l"), let T ~ u"'^" be the cor- 
responding maximal torus of diagonal transformations t , 

where the angular variables and ^/ are real- valued local coordinates for T , and 
denote by the degree-^ radial differential operator 

Theorem 3.9 (Berezin). — If J is the function defined (on a dense open set in T) by 
J ^ ni<;</<mSin^ {^{Vj - Vj')) ni</<r<«sin^ - (^/Q) 

the degree-l Laplace-Casimir operator D{l£) for U„|„ has the radial part 

Dih)=J-'/^PEoj'/\ 

where P(^ = D( -\- Q(-\ and Qi-i is some polynomial in the homogeneous operators 
of total degree less than £. 

Remark. — The expression for the highest-order term, D{If) = J^^^Df o -|- . . . , 
is from Thm. 3.2, Eq. (3.47), of [2J, specialized to the case of U,„|„ . The lower-order 
terms Qf-i are known to be polynomial in the Dj^ by Thm. 4.4 of [2]. 

The square root 7^/^ does not exist as a single-valued function on U™^" for every 
dimension m\n, but the square root ambiguity cancels in the differential operator D{I() . 

In the special case where dimensions match, one has the following simplification. 

Lemma 3.10 (Berezin). — For m = n the function J can be put in the form J ~ 
Det^(A) where A is the nx n matrix with entries 

1 



sin(^(v/;-(^)/)) ■ 
Proof. — In the Cauchy determinant formula 



Wj,i{xj-yi) \^j-yi 



j,l=l,...,n 
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make the substitution Xj = e'^^j and yi = e"^' . The statement then immediately follows 
from Euler's fomiula 2i sinz = e'^ — e^'^ on dividing both sides by a suitable factor. □ 

Corollary 3.11. — For m = n the constant term of the lower-order differential opera- 
tor Qi_ 1 (9/(9 , (9/(9(^1 (9/ (9^„) in the radial partD{I^) vanishes for 
a//£G N: ei^-i (0,0) =0. 

Proof. — The first step is to show that for m = n the square root 7^/^ is annihilated by 
each of the homogeneous radial differential operators . For that purpose, write 

.= A = Det — 

^ ' I 1 -Q-<Wr<Pi) j 

\ / j,l=l,...,n 

Now express the determinant as a sum over permutations, move the 0/ into the upper 
half of the complex plane, and expand the factors (1 — e^'^'''^^'^'))^^ as geometric se- 
ries. The result is an absolutely convergent series, each term of which is readily seen 
to be annihilated by every one of the . Thus D]^J^/^ = for all G N . 

Now, since Qi-\ is a polynomial in the operators , it follows that when Qi-\ is ap- 
plied to 7^/^, only the zero-order term in can give a nonzero answer: Qi-\J^/^ = 
7^/^2£_i(0,0). But the differential operator D{I() annihilates the constants; thus one 
has !)(//) ■ 1 = and Thm.[3j implies Q = J-^/^{D^ + Q(_i)J^I^ = Qe_i{0,0). □ 

Finding the radial part of an invariant differential operator is an algebraic problem (as 
opposed to an analytical one). It should therefore be clear that the formulas given in 
Thm. 13.91 hold not only for the case of ^ = U,„ x U„ with maximal torus U'"^", but 
admit analytic continuation to other real-analytic domains. It is in such a domain, M 
(with another maximal torus T), that we will use them to prove Thm. 



4. Determination of the character x 

In Sect. 12. 61 we considered a Z2-graded complex vector space V = U where 



V 


= Vid 






)yf)s 




u 


= UiQ 


5t/o = 




Bt/r)( 






= ut^ 






= K 


= CP , t/f = 



In this tensor-product situation there is a Howe dual pair of a Lie group Ua^ and a Lie 
superalgebra Qi{U) = g[„|„ (with n = p-\-q) acting on the spinor-oscillator module 



.s^v ^ A(y+ © yf ) ® s(yo+ © Vq 

Prop. 12.101 states that the subspace £/y^ of UAr-invariants in is an irreducible rep- 
resentation space for qI{U) and that, moreover, the autocorrelation function of ratios 
(11.5!) coincides with the character associated with that representation. 
In the current section we use the simplified notation 
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This notation expresses the two properties of ^ being (i) a graded-commutative alge- 
bra built from V and (ii) an irreducible 0[(i7)-module with highest weight X = . 

Recalling the definition of the superdeterminant, and specializing it to the case of 
y = [/ ® C^, we can cast the equality of expressions of Prop. 12.101 in the following 
form, where m0uis viewed as an even element of End(y) ~ End{U) ®End(C^). 

Corollary 4.1. — 

X {m) =STr f. p{m) = / SDet(Idv/ -m(g)M)"^<iM . 

All of our considerations of X in Sect. [21 were restricted to the diagonal transforma- 
tions m = f ; it is, in fact, only the values on the diagonal that we ultimately want to 
know. Nevertheless, in order to establish good analytical control and actually compute 
these values, our next goal is to extend the function t ^ x{t) to a section of the Lie 
supergroup = GL„|„ . We wish to do this by following Sect. 13.41 where we explained 
how to construct a -representation from a representation of the Lie superalgebra 
and a compatible representation p of the Lie group G underlying (J5. 

In this quest, however, we are facing a difficulty: since the representation space 
is infinite-dimensional and some of the Lie algebra elements are represented by 
unbounded operators, the representation does not exponentiate to all of the complex 
Lie group of linear transformations of the Z2-graded complex vector space U . We 
therefore require a more elaborate variant of the construction given in Sect. 13. 4[ 

4.1. The good real structure. — Our first step toward extending the character func- 
tion t ^ xi't) is to identify a suitable real structure inside the complex Lie supergroup 
GL„|„ of the Z2-graded vector space U ~ C"l". Let GL(t/i) x GL(t/o) =: G be the 
group underlying the Lie supergroup GL of t/. As should be clear from Prop. 12.31 
(making a statement about semigroup elements), this complex Lie group is not the ap- 
propriate space on which to consider our character x ■ Rather, the fact that dim ^ = 0° 
forces us to get a certain real subgroup Gr C G into play. 

To introduce Gr , let the decomposition Uq = Uq © Uq be encoded in an involution 
s : Uq^Uq which has L^q*" = and Uq = £fl for its two eigenspaces: 

+ = M-i- — M- {u±eUq) , (4.2) 

and let Uq = {Uq , s) mean Uq equipped with the pseudo-unitary structure 

UqxUq ^ C , (m, v) i-^ (m, sv) , 

where ( , ) is the Hermitian scalar product of the Hermitian vector space Uq = C^^^. 
The group of isometrics of Uq is the non-compact Lie group 

\Jp.,:={geGL{Uo)\g'^sg = s}. (4.3) 

Also, let U„ denote the isometry group of the Hermitian vector space Ui = C". For 
our purposes, the "good" real subgroup of G will turn out to be 

Gr = U„xUp,^. (4.4) 
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4.1.1. G^-principal bundle. — We now describe the Ga-principal bundle which is 
to assume the role formeriy played by G x G ^ G in Sect. 13.11 Beginning with the 
bosonic sector, let ^p,q be the set 

Wp,q:={geGUUQ)\g^sg<s]. (4.5) 

If two group elements g,hE GL{Uq) satisfy g^sg < s and h^sh < s, then 

{gh)^s{gh) = h^{g^sg)h < h^sh < s . 

Thus iip,q is a semigroup w.r.t. multiplication by composition, {g,h) t-^ gh. Note also 
that iip,q contains the pseudo-unitary group Vp,q in its closure iip,q- 
Now define an involutory automorphism a : GL{Uo) GL{Uo) by 

a{g)=sg-'''s. (4.6) 

The set of a-fixed points in GL{Uo) is the pseudo-unitary group ^p,q- 

Since the inequality x^sx < s is invariant under left and right translations of x by the 

elements of Up,q, the semigroup iip,q is a left and right U^.^-space. In Cor. |5.3| we will 

prove that H^.^ has the following closure property: if x G Hp.q then o{x)~^ G Hp.q ■ 
Next, define a Up^^-principal bundle Pq Mq as follows. Let Pq be the graph of the 

mapping C7 : Hp,^ ^ GL(f/o): 

Po = {{x,y) G np,q X GL(f/o) I y = a{x)} , (4.7) 

and take Mq c GL{Uo) to be the set 

Mo = {xo{x)-^ \xellp.q} . (4.8) 

Note Mq C iip.q from (y{x)^^ G Hp.q and the fact that Hp,^ is a semigroup. Since 
^p,q C GL(i7o) is the subgroup of fixed points of the automorphism a, the map 

Po-^Mo-Po/Up,^, {x,o{x))^xo{xy\ 

defines a U^.^-principal bundle by the right Up.^-action {x, g{x)) t-^ {xg,a{xg)). 

The corresponding construction for the fermionic sector built onUi = C" is simpler: 
let a U„-principal bundle Pi Mi be defined by the projection map 

Pi := U„ X U„ ^ U„ =: Mi , {x,y) ^ xy-' . (4.9) 

The base manifold Mi is a real-analytic submanifold of GL(i7i) — GL(C") of dimen- 
sion = (p + qf. The same is true of Mq C GL(t/o) = GL(C^+'?). 

We now introduce the direct products P : = Pi x Pq and M : = Mi x Mq, and view 
these as defining a principal bundle with structure group Gr = U„ x Up^q : 

P^Mc^P/Gm- (4.10) 

Since Gr acts on the odd part gi = qI{U)i of the Lie superalgebra qI{U) by Ad, one 
could associate with gi a complex vector bundle P x gi ^ M, which would give rise 
to a cs-manifold [TO] (meaning a supermanifold which is complex in the odd direction). 
A more concise framework is achieved, however, by passing to a real subspace of gi . 
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4.1.2. Real form of q[{U) . — WriteX G = ©t/o) in block decomposition 
with respect to the Hermitian vector spaces U\ and Uq as 

C D, 



X 



where A G End(C/i), B G Hom(C/o,[/i), C G Hom(C/i, C/q), and D G End(t/o). Then 
define a Z2-graded real vector space u{U'^) as the subset of elements X G Qi{U) whose 
blocks satisfy the set of conditions 

(Avi , v; ) + (vi , Av; ) = , ( Dvo , sv'q) + (vq , sDv'^) = , 
(Cvi,^vo)+i(vi,Bvo) =0 (vi,v; Gt/i;vo,VoGt/o) . (4.11) 

This subspace u{U^) C qI{U) is readily seen to close under the supercommutator, and 
thus is a Lie sub- superalgebra of q{{U). The alternative notation 

u(t/-^)=u„|p,, (4.12) 

makes it evident that u{U^) is a pseudo-unitary real form of Qi{U) = 0l„|„ with mixed 
signature {p^q) in the non-compact sector End(t/o)- 

The even part of the Lie superalgebra u(t/'^) = u„|p,^ is the real Lie algebra u„ ©u^^^ 
where u„ = Lie(U„) and Up^q = Lie(Up,^). We now focus on the odd component, 
u{U^)i . From the third condition in (|4.1 II) an element X of the odd space u{U^)i 
is already determined by its block B G Hom([/o,t/i)- We therefore have a canonical 
isomorphism 

u{W) 1 ~ Hom([/o , Ui) ^ t/i © ~ t/i © t/o , (4.13) 

where the last identification is by the pseudo-unitary structure of Uq . This isomorphism 
u{U^)i ^ [/i © t/o makes it particularly clear that u(f/'^)i is a module for our real Lie 
group Gr = U(t/i) X \J{Uq) = \Jn X \Jp,q. In the following we use the simplified 
notation g := Qi{U) and gR := u(?7'^) and 

flR,.:=u(t/-^)t (T = 0,1). (4.14) 

Note that g^fi = Lie(GR) = u„ © Up,^ . 

4.1.3. Lie supergroup structure. — Given the GR-principal bundle P ^ M and the 
GR-module ^r i , we form the associated vector bundle 

F = P^^m,i-^M. (4.15) 

Then, following the principles laid down in Sect. [3] we are led to consider r(M, AF*), 
the graded-commutative algebra of sections of the bundle A(F*) M. 

The key idea now is to extend our function ? i— > ;f (?) to a radial section of r(M, AF*) 
and exploit the argument of Sect. 13. 5[ by which the primitive character x is an eigen- 
function of the ring of g-invariant differential operators. This argument, however, relies 
on Schur's lemma (which holds over the complex numbers) while the vector bundle 
F — i> M is a real vector bundle over the real manifold M. Thus the good object to 
consider isn't r(M, AF*) but the bundle of complex exterior algebras, 

^:=r(M,C©AF*) . (4.16) 
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There, we can implement the basic setting of Sect. |3.5[ namely independent left and 
right actions by the complex Lie superalgebra g = 0l(f/) = , as follows. 

Recall M ^ Ml x Mq with Mi = U„ , and let 4> be a section of If X G u„ and 
e^^ = ^ G U„ then from 

(L^4>)(mi,mo) =4>(g~^mi,mo) , (i?g4>)(mi,mo) =4)(mig,mo) , 
one gets u„-actions on the left and right by taking the differential as usual: 



^1 d 
:= —L. 



^ ■- -T-RexpitX) 



t=o dt 



These extend complex linearly to left and right actions of qI{Ui) = gl„ = u„ + iu„ : 

X+]Y'' ■=Xj + iY' {j = L,R). (4.17) 

Next let h G H^^^ . The twisted Hp ^-action on Mq by niQ i— > hmoo{h)^^ induces an 
action h t-^ T/, on sections 4> G ^ by 

(r/,4>)(mi,mo) =^{mi,h^^mQo{h)) . 

To pass to the infinitesimal action, notice that the semigroup Hp^ is open. Therefore, 
having fixed any point h G Hp.q one can find e > so that gh is in }ip,q for every g in 
the e-ball Bg c GL(t/o) centered at the neutral element of Gh(Uo). This property gets 
transferred from Hp^q to Mq ^ Hp^^/Up^q by the projection h ha{h)^^ . Thus, for 
X G gl{Uo) the definition 



(X4>)(mi,mo) := ^4>(mi,e '^mQo{e'^)) 



makes sense, and X X is a g[(t/o)-action on . Since the assignment X X is 
complex linear on the left and (via o) complex anti-linear on the right, one gets from 
it a left action X \-^X^ and a right action X i— > X^ by setting 

X^:= i(X-i(iF)) , X^:=i(X + i(iF)) . (4.18) 

These two actions commute, i.e., [X^,!''^] = for all X,Y E gl{Uo). Altogether we 
now have left and right actions of the even part go — gt(t/i) © gl(t/o) of our complex 
Lie superalgebra g = gl{U). 

To describe the action of the odd part, gi = gt(t/) i , we first of all adapt our notation. 
Although the Gft-principal bundle P was introduced as 

P = PixPo = (U„ X U„) X (Up^q ^ GL(t/o) X GL(t/o)) , 
we now rearrange factors to interpret P as a subset of the direct product of two copies 

diae 

of G = (GL(t/i) X GL(t/o) ^ GL(t/)): 

PC Gx G, 

and write p = {x,y) for the points of P accordingly. Such an element {x,y) eP consists 
of .x; = diag(ML , h) and y = diag(Mi; ,o{h)) where h E Hp.q and ul.urE U„ . 
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Recalling from Sect. l3.4| the meaning of the tautological object 

where {F,} is some basis of 0r i = u{U^)i, and the dual basis {(p'} is viewed as a set 
of generators of A(0i^ i)^ we then consider the supermatrix 

P3 {x,y)^Z = xe^y^^ . (4.19) 

From the relation .x:e''j^^ = {xg)e^'^^'^ '^^■'{yg)^^ ior g e Gr, the matrix entries 
of E are GR-equivariant functions P ^ A{g^ ^) and, thus, sections of ^ . 

The rest of the development exactly follows Sect. 13.2.3] and we indicate it only very 
briefly. Enlarging the complex Grassmann algebra A(gj) = C ® A(gJ J by an anti- 
commuting parameter rj one shows that (see Lem. 13.11 and its proof) if Y is an odd 
generator F G gi = Qi{U)i there exist even-type functions y ^-^ OCy(y) G A'^^'^"(gj) and 
odd-type functions y i-^ /3/(j) G A°'''^(g^) so that 

(xe^y-'^)e^'^^ = xe^^f'+^y^y^^^^^'y-'^e^^^y'^^^^j , 

where {Ej} is a basis of gR.o ■ By the general principle explained in Prop. 13.21 and its 
proof, these functions determine a right action 7 i— > of gi = g[(i7)i . The left action 
y 1-^ is constructed in the same fashion. 

Let us now summarize the material of this subsection. 

Proposition 4.2. — The complex Lie superalgebra g = gt(f/) acts on the graded-com- 
mutative algebra ^ = r(M, C AF*) on the left and right by X resp. X H-i> X^. 

4.2. Extending the character x • — Note that if Z is decomposed as S = 

according to i7 = Ui(BUo, the matrix entries of the blocks A and D are even sections 
of ^ , and those of the blocks B and C are odd sections. 

For the following definition recall V = U ® C^, and let u G Vn ■ 

Definition 4.3. — By the reciprocal of the superdeterminant of Idy — Z®uwe mean 



SDet(IdK 



_^ Det(ldvj - A(g)M + (B(g)M) (Idv„ - D®uY^{C®u)) 



Det(Idi/„ - D(g)M) 

Remark. — This is Def. 11.51 (with Prop. 11.61) transcribed to the present setting. We 



will show later, by Lem. 14.81 that Idv^ — D®u has an inverse for all u G Ua? and D 

S|f/o^(/o' 



thereby ensuring the global existence of SDet(Idy — Z®u) ^ 



Our goal is to relate the character t ^ x{t) io di section of To that end, let us 
reorganize the notation of Cor. 12.41 so that t — (?i,?o) ^ GL{Ui) x GL{Uq) with 

p+q p+q 

h=tt + h=Y^^''"Ell. t, = t+ + t,=Y^^^^El^, (4.20) 

k=l k=l 
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where {Ef-' } is a standard basis of End(t/i ®Uq). Although the parameters i^^ and 
previously assumed values in C, we now restrict their range to the real numbers, 
while retaining (from Cor. 12.41) the condition 

^j<0<^i {l<j<p<l<p + q) . (4.21) 

Imposing these restrictions, we may regard the diagonal transformations f = (fi , to) as 
points of M = Ml X Mq . Indeed, ti now lies in U" C U„ = Mi ; and it is easy to see that 
to E iip.q and to = o{to)^^, and therefore we have to E Mo . 

Thus we now choose to view our character t ^-^ xi^) as a function of the diagonal 
transformations t E M . At the same time, we restrict the assignment of (|2.24l) . i.e., 

t^p{t) =R{t®ldN) , 
to the domain for t as above. Then from Prop. 12.101 we still have the expression 

, . f Detfid -ti®u) 
JUw Det(Id-?o® m) 

As a preparatory step for Prop. 14.41 below, recall from Sect. l2.6l the representation 

p*: 0^„|n^0^(■^A) , 

and from Sect. 13. 41 that by the character of a representation (l^,pH<,p) of a Lie super- 
group = (g , G) with supermatrix Z = xe^y^^ = xe^f''^^'y^^ , we mean 

STj:y^p{x)e^l''P*^^''^p{y-^) = STry^ p(S) . (4.23) 

In the present refined setting, where the G-principal bundle Gx G ^ G, {g,h) gh^^ 
has been replaced by the Ga-principal bundle 

GxGdP^McG, {x,y)^xy^\ 

and the associated complex vector bundle {Gx G) x^qi — i>Gby 

we still mean the same thing. 

Proposition 4.4. — The assignment t y-^ p{t) extends to a semigroup representation 

p: GL„xHp,^ ^ GUn). 

and a corresponding Lie group representation 

p': GR = U„xUp,g ^ U(r;L), 

which are compatible with the Ql,^\n'^epresentation p* . The character associated with 
(^;P*7p) by equation l \4.23\l exists globally as an analytic section of the algebra 
^ = r(A/, C ® AF*), and is given by an extension of the integral formula l\4.22\) : 

STr^, p(E)=/ SDet{ld-Z0uyUu. (4.24) 
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Remark. — p' corresponds to p in the sense that p [xg] = p {x) p' (g) and p ( (yg) ^ ) = 
P'(^) V(j^) for S ^ and Jc,j^^ G GL„ x H^^^. These relations and the com- 
patibility of representations guarantee that {x,y) ^ STr^ p{x)e^'P'P*^^'^p{y^^) is a 
Gft-equivariant mapping and hence defines a section ;^ G in the usual way: 

Xixy-') = [ix,y)-STry^pix)c^'P'P*^'^^piy-')] . 

Although it might seem that Prop. 14.41 extends the character formula of Cor. 14. II in 
a straightforward manner, we do not know any easy way of proving the existence of 
the representations p and p'; and to avoid a lengthy interruption in the flow of our 
argument, we must postpone the proof of Prop. 14.41 until the end of Sect. [51 

4.3. All Casimir invariants vanish on — Prop. 14.41 achieves the important step 
of extending the torus function t ^ x(t) io di section of the graded-commutative algebra 
^ = r(M, C ® AF*). Hence, taking Prop. |4.4| for granted, we can apply the powerful 
machinery reviewed in Sect. [3l the Lie superalgebra q = gl{U) = g[„|„ acts on ^ by 
left- or right-invariant derivations; this induces two actions of the universal enveloping 
algebra U(g[„|,J on and the Casimir invariants, i.e. the central elements of U(g[„|„), 
then act on ^ by 0[„|„-invariant differential operators, the Laplace-Casimir operators. 
What's most important is that, since the g[^|„-representation {'fx ,p*) is irreducible, the 
character x is an eigenfunction of all of these operators. 

The next step is to calculate the Laplace-Casimir eigenvalues. To that end, recall 
from Lem. 13.61 the expression for the degree-^ Casimir invariant of There 
exists a simple heuristic why all of these invariants must be identically zero in such a 
representation as (^,p). (In this subsection we use the simplified notation p^ = p.) 

First of all, one argues that each invariant can be expressed as an anti-commutator 
of two odd elements of the universal enveloping algebra U(g[„|„). Indeed, using the 
basic bracket relations (13.11) of it is straightforward to verify that 

where Q, F^^^ G U(gl„|„) are given in terms of a standard basis {£'"'} by 

i=l 

If the representation space were finite-dimensional, we could now argue that 

STxy^p{k)=STvr, [p(e),p(FW)] = 0, 

since the supertrace of any bracket vanishes. On the other hand, since I( is a Casimir 
invariant, the operator p (7^) on the irreducible representation space Yx must be a mul- 
tiple of unity: p{I() = oc(lf) x Id f^ . In finite dimension we could therefore say that 

STry^ pik) = a{k) STx f^ Id = a{h){dimrxfi - dimr;t,i) • 

Inspection of Yx shows that there is exactly one vector in its even subspace which 
has no partner in the odd subspace - this vector is the "vacuum". In this sense, the 
dimension of q exceeds that of i^x.i by one. Hence STr^ p{h) = 1 " and 



50 



J.B. CONREY, D.W. FARMER &. M.R. ZIRNBAUER 



from the previous result STx^^pil^) = we would be forced to conclude OL{h) — 0. 
Let us record this conclusion for later use. 

Lemma 4.5. — In an irreducible Ql„\„-representation on a finite-dimensional vector 
space V with dimVb ^ dim Vi , all Casimir invariants o/0l„|„ are identically zero. 

While the argument leading to Lem. 14.51 is correct for finite dimension, it is not 
sound for the case of our infinite-dimensional representation space ^ , as the traces 
STr^ p{l£) and STry^ld do not converge. Nevertheless, the conclusion still holds true: 

Proposition 4.6. — In the representation {yx,p) all Casimir invariants Ii vanish. 

Proof. — The heuristic argument becomes rigorous on regularizing the traces. This is 
done with the help of a difference of two sums of generators, 

1 p I q 

T=Oj=l T=0/=1 

which is not a Casimir invariant of 0l„|„ , but does lie in the center of U (gl^i^ © 0[^|^) . It 

commutes with both Q and F^^^ because these respect the vector space decomposition 
C" = © C^. On it is represented by the operator 

p(^) = EE(e(<j®^«)^(/+'®/")+MK,®^.)5(/^®r)) 

,7—1 

+ E E {£{/-' ®ni{eli0ea)+^{fJ0nd{e^^i®ea)) , 

/=la=l 

where the notation of Sect.|2]is being used. A is called the particle number in physics. 

Now if t is any positive real parameter, inserting the operator e^'^*^"^) cuts off the 
infinite contribution from high particle numbers and makes the traces of the heuristic 
argument converge. Thus, on the one hand we now rigorously have 

STr,<, e-^''(^)p(/,) = STrr, [p(e),e-'P(^)p(FW)] = q , 

and on the other hand, since p{U) = a{h) ^ l&i/^ , 

STry^e-'P(^)p(/£) = a(/^)STry^e-'P(^) . 

To compute the last trace, notice that e is the diagonal transformation 

e-^ = e-££j; + e^££,-,^^, 

and use the formula (|4.22l) to obtain 

STr.. e-P(^) = / Det/-(Id-e-^.)Detnid-e^.) _ 

VDet/'(Id-e-^i<)Detnid-e'i<) " 

Therefore 

= STr.,<,e-'P(^)p(/,) = «(/,), 
and the proposition is proved. □ 
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Remark. — Up to this point, everything would have gone through for the most gen- 
eral case of ratios (11.11) with an arbitrary number of characteristic polynomials and 
their complex conjugates in the numerator and denominator. However, we now had to 
require these numbers to be pairwise equal, or else Prop. 14.61 would have been false. 

As an immediate consequence of Prop. 14.61 and the relationship between Casimir in- 
variants and Laplace-Casimir operators Z)(/^), we have: 

Corollary 4.7. — The irreducible GL„^f^-character xC^) = STr-// p(S) lies in the ker- 
nel of the ring of glfj^^-invariant differential operators D{Ii) : 

Remark. — Thus the g[„|„-representation (^,p) is degenerate with the trivial repre- 
sentation (the Laplace-Casimir eigenvalues are the same), and is atypical. Sadly, the 
characters of atypical representations are not covered by the known generalization ^ 
of the Weyl character formula to the case of Lie supergroups. To compute the character 
Xit) = S>Txy^p{t), further effort is required. 

4.4. Maximal torus. — In Sect. 13.81 we reviewed some of Berezin's results for the 
radial parts of the Laplace-Casimir operators D{I^) for 0t„j|„ . To bring these to bear on 
our problem, we first need to establish the existence of a kind of maximal torus for the 
real-analytic manifold M = Mi x Mq . The main step here is the following lemma. 

Its proof needs two basic facts (established by Cor. 15.31 ): the semigroup H^^^ is con- 
nected, and the elements h G Hp ^ satisfy the inequality hsh"^ < 5 as well as h"^ sh < s. 

Lemma 4.8. — Each element of Mq = {ho{h)^^ \ h E H^^^} is brought to diagonal 
form by a pseudo -unitary transformation g G Up The eigenvalues lie in \ {!}• 

Proof. — On general grounds, every m G Mq has at least one eigenvector v^O. Notice 
that the eigenvalue A must be non-zero because m = ho{h)^^ — hsh^s has an inverse. 
Now the inequality hsh''^ < s for h e iip,q leads to 

?i{sv,v) = {sv,mv) = {sv, {hsh^)sv) < {sv,v) . 

One then infers that (v, sv) = {sv, v) ^ 0, and that A is real and A 7^ 1 . If (v, sv) < 
then A > 1 , and if (v, sv) > then A < 1 . In the former case we fix the normalization 
of V by the condition (v, sv) = — I and in the latter case by (v, sv) = I. 

The pseudo-Hermitian form ( , ).s : Uqx Uq^ C, (m, v) t-^ {u,sv) is non-degenerate. 
Therefore, since {v,v)s = {v,sv) ^ 0, the vector space Uq decomposes as a direct sum 

Uo = Cv®U^ 

where is the subspace of Uq which is ( , ).v-orthogonal to the complex line Cv. 

Now m = hsh^s is self-adjoint w.r.t. the pseudo-Hermitian form (, )y and hence 
leaves the decomposition Uq = Cv(BU^ the same. Thus one can split off the eigenspace 
Cv from Uq and repeat the whole discussion for m restricted to U^. The restriction 
m' := m\(j± has again at least one eigenvector, say v', and {v',v')s 7^ by the same 
argument as before. The eigenvalue A' is real with A' 7^ and A' 7^ 1. Since m' is ( , )s 
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self-adjoint and preserves the decomposition of by the complex line Cv' plus its 
orthogonal complement, one can split off Cv' from U^. By continuing in this way, one 
concludes that m is diagonalizable, and that the (p + ^) -dimensional vector space Uq 
decomposes as a ( , )i.-orthogonal direct sum of m-eigenspaces Cvi, . . . , Cvp^^ . 

It remains to show that the diagonalizing transformation g lies in the pseudo-unitary 
group Up^^ . For this, let {e/},=i p^q be an orthonormal basis of Uq such that ei, . . . ,ep 
span the 5-positive subspace Uq , and Cp+i, . . . ,6^+^ span Uq . It is clear that if are 
two real numbers in the range < < 1 and 1 < < oo, then 

lies in Mq. Indeed, m equals ho{h)^^ for h = \/X+Idjy+ © vX^Idjy- e Hp g. Note 
that the signature of Idf/^ — m for this m is the same as the signature of s . 

Now, since the manifold H^^ is connected, so is Mq = {ho{h)-^ I h e iip^q}. When 
m is pushed around in Mq , the eigenvalues of m move but, as we have seen, they are 
always real and never hit zero or one. Therefore, they stay in \ { 1 } and the signature 
of Idf/o — m for m G Mq is an invariant and is given hy s . By reordering the indices, one 
can arrange for the positive signature eigenspace of Idj;,, — m to be spanned by the first 
p eigenvectors vi, . . . ,Vp of m. A linear transformation g E GL(t/o) diagonalizes m if 
V, = get for / = \, . . . ,p + q . Since the m-eigenvectors V; have been constructed to form 
an orthonormal system with respect to the pseudo-Hermitian form ( , )i , it follows that 
g is pseudo-unitary: g G \Jp,q- □ 

Remark. — The numerical part of the operator Idvo — D ® w of Def. l4.3l is Idy,, —m®u 
for u G Uyv and some m G Mq . Since the eigenvalues of m lie in IR+ \ { 1 }, we see that 
Idvg — D ® M in fact has an inverse. 

Every element m\ E Mi = U„ is diagonalizable by a unitary transformation and has 
unitary eigenvalues. In combination with Lem. l4.8l this has the following consequence 
for m = (mi , mo) E Mi xMq = M. 

Corollary 4.9. — Let T = TixTq with 

Ti=Ul, ro = (0,irx(l,oo)9 {p + q = n), 

be the set of diagonal transformations t = (?i,?o) defined in Eqs. M.20\) and (14.2 1\) 
with real-valued i/4 and restricted by < < 0/ . This Abelian semigroup T is a 
maximal torus for M = Mi x Mq in the sense that for every mEM there exist t eT and 
g E Gk = U„ X \ip^q such that 

g-^mg = t . 

Recall now from Sect. 12. 71 that we view our variable parameters i//^ and as com- 
plex linear functions on a complex Cartan subalgebra P) C Qln\n- Let ()r C f) be the 
real form defined by the requirement that if H E f)R then x^^kiH) E M and (^k{H) E R 
for ^ = 1 , . . . , n . The condition imposed after Eq. (|4.20l) can then be rephrased as the 
statement that our parameters restrict to linear functions 

1//^: t)R^M and : t)R ^ M (fc=l,...,n). (4.25) 
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The further conditions ^j(H) < < ^i{H) for\<j<p<l<n select an open sub- 
space t C fiR - note that t is not a vector space - with the property 



4.5. VF-invariance. — From Prop. 14 .41 the character xC^) exists as an analytic section 
of and this section is radial. Since the domain M = Mi x Mq is invariant under 
conjugation by ^ G Gr = U„ x \Jp,q, so is the character. Therefore, if ^ G Gr is any 
element which normalizes T, i.e. \/t eT : gtg^^ G T, the restriction x '■ T ^ C inherits 
the invariance property 



The transformations t hh^ gtg^ =: w ■ t of T arising in this way form the Weyl group 
W. Since the neutral element t = e is contained in the closure of T , one can differen- 
tiate the W-action 1 1-^ w -t at the fixed point t = e to obtain an induced linear action 
H i-^ Ad{g)H =: w{H) of W on tangent vectors // G f)R . This action in turn induces 
an action of W on the linear functions / : [)r ^ C by = f ow^^ . 

Proposition 4.10. — The Weyl group of our problem is W = S,, x (Sp x S^) where the 
symmetric group S„ permutes the n = p + q functions 

(V/i,...,V^„) , 

while the first and second factor in Sp x S^ permute the first p resp. last q entries of 

(<|)i,...,(^p,(^p+i,..., <^p+^) . 
The character xi^) = STr^^^^ p (t) satisfies x{t) = xiw ■ t)for all w eW. 

Proof. — Let H = {Hi.Hq) G t C [)r be a regular point, i.e., H viewed as a diagonal 
linear transformation of C"'" has eigenvalues ii//i (//),..., ^„(//) which are pairwise 
distinct and non-zero. Consider the orbit of such a point H under the adjoint action of 
Gr = U„ X \Jp,q. Every distinct intersection of this orbit with t amounts to one element 
of the Weyl group V7 = Wi xWq. Since conjugation by ^ G Gr leaves the eigenvalues 
of H unchanged, every point of intersection must correspond to a permutation of these 
eigenvalues. The n eigenvalues ii/Zi (//), . . . , i\ir„{H) are imaginary and conjugation by 
G Gr with suitably chosen ui G U„ allows to arbitrarily permute them; hence 
Wi = Sn. The n = p + q eigenvalues 0i (H) , . . . , ^„{H) are real, with the first p being 
negative (^^ < 0) and the last q positive ((pi > 0). Conjugation by (e, uq) with uq G Up.g 
never mixes these two sets but only permutes them separately. Thus Wq = Sp x S^ . 
The V7-invariance x{t) = Xi^' ^ restatement of Eq. (14.271) . □ 

4.6. Radial differential equations for x • — Being the character (or supertrace) of a 
representation, the analytic section ;^ G is radial. Hence, if D{l£) is the radial part 
of the 0[,j|,^-invariant differential operator D{Ii), the equation D{I()x = reduces to 
b{Ii)x{t) = for the V7-invariant torus function t ^ x{t)- 

We now write the system {(. G N) of differential equations D{I()x{t) = in explicit 
form by drawing on Berezin's results (Thm. [X9l of Sect. [3]). For that purpose we fix a 



exp t = r . 



(4.26) 



Xit)=x{gtg )• 



(4.27) 
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set A+ = Aq U Aj^ of positive roots of the Lie superalgebra . By the same choice 
that was made in Sect. l2.7l before. we take the even resp. odd positive roots to be 

A+: iv/;t-iV4', h-^' {l<k' <k<n) , 
A+: Wk-^j, {l<i<P<l<n). 

Note that if // G t, then mt[5{H) > for all roots /3 G A+. 

While we have chosen to regard our parameters i/z^t and linear functions on 
f)]R D t, another possibility would have been to use composition with the logarithm 
to define them as local coordinates on T = exp t . From the latter perspective, they 
determine differential operators d/dxir^ and d/d^^ on functions / : T ^ C 

Let D£ as in Sect. l3.8l (after replacing 0^ —i^k) be the differential operator 

D,= I.izi-i-')"Ljll. 

and note that is W-invariant, i.e., commutes with the V7-action on functions f{t). 
Notice also that the degree-2 operator D2 is elliptic. 

Proposition 4.11. — The character x '■ T C given by xit) = STrr;^ p{t) satisfies 
the set of differential equations (defined on the set of regular points T' dT) 

J-^/^De{j^/^x) =0 (^gN), 

where the function J^^^ : T' C is a square root of 

n«£A+sinh^(i«(lnO) 
n/3eA+sinh2(i/3(lnO) 



m = S ' -.2 1.. .^^ • (4-29) 



Proof. — On restricting j G ^ to the function x ■ T —>■ C, it follows from Cor. 14.71 
that D{Ii)x{t) = for all £ G N. By Thm. [3;9]the radial part D{Ii) agrees with the 
differential operator y^^/^D^oy^/^ modulo lower-order terms, J^^^'^Qi-i opl^. Since 
the lower-order operators Qi-\ are themselves expressed as polynomials in the and 
all constant terms (0, 0) vanish (Cor. 13.111) . the system of equations b{h)x = is 
equivalent to the system /"^/^^^(yi/^;^) = (£ G N). 

The expression for the function J follows from Thm. |3.9| bv analytically continuing 
from the compact torus U" x U" to the Abelian semigroup T . □ 

The only input we required for Prop. 14.1 II was the system of differential equations 
D{I()x = 0. Since this system is available also under the conditions of Cor. 14.51 the 
same conclusion holds true in that modified context. We record this fact for later use: 

Corollary 4.12. — Let x be the character of an irreducible Qln^^-representation on a 
finite-dimensional Z,2-graded vector space V = Vq © ^1 • //^dim(Vb) 7^ dim(yi) then 
J-^I^Di{J^I^X) = Ofor all £ G N. 
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Remark. — To obtain the statement of Prop. K.lTl bv reference to standard text, it was 
necessary to go to the expense of extending to a section of ^ = r(M, C ® AF*). 
With the system of differential equations J^^/^D(^{J^/^x) = now established, the 
objects M and ^ have served their purpose, and we restrict all further considerations 
to the torus function x ■ T ^ C. 

4.7. Proof of the main theorem. — We have now accumulated enough information 
about the character t ^ x{t) to prove Thm. ll.ll Let us summarize what we know. 

A. ;f is a VF-invariant analytic function on the Abelian semigroup T of Cor. |4.9[ 

B. X has an expansion in terms of weights (Cor. 12. 131) with coefficients in the limited 
range given by Prop. 12.121 

C. X by Prop.|4JJJobeys the differential equations J^^I^Di^j'^l^x) = (£ G N). 
The proof of Thm. Il.ll is done in two steps: we first show that the conditions (A-C) 
admit at most one solution x '■> afterwards we will write down the solution and verify 
that it has the required properties. Of course, once Thm. ll.ll has been proved for t eT, 
the result immediately extends to the complex torus by analytic continuation. 

4.7.1. Uniqueness of the solution. — We shall prove that the coefficients of the weight 
expansion of x (property B) are completely determined by VK-invariance (property A) 
and the system of differential equations (property C). 

Our first step is to establish a good way of representing the square root function 7^/^. 
Let 8 : P) ^ C be half the sum (in the Z2-graded sense) of positive roots: 

5 = lI«eA,|«-lI/3eAr/^' (4.30) 
and choose a square root of the expression (14.291) for J : 

7V2 = e^n^£^4iiZ!:!loln. (4.31) 
n/3eA|i(l-e-^) 

Notice that while the function 1 1-^ e^^'"'^) is double-valued, the square root ambiguity 
cancels in the differential operator o/^/^. 

The following subsystem of r = 2{p + q) — 1 positive roots {ai , . . . , a^} C A+: 

(l>P+l-Wp+ci , ^i-^i-i {I = p + 2,...,p + q) , (4.32) 

is a system of simple roots, i.e., every positive root a is uniquely expressed as a linear 
combination a = Y^iUiOi with non-negative integers a, . 

Lemma 4.13. — The function e^^°^"7^/^ : T ^ C has an absolutely convergent ex- 
pansion in terms of simple roots ai , . . . , (7^ : 

^-SoinjX/i ^ ^^^e-^-i*'^'°i" (A, G C, A,=o ^ 0) , 

where the sum runs over sets b = {b\, . . . , by] composed of non-negative integers bi. 
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Proof. — Expand the factors 1 — e '^"'^ in the denominator of (14.311) as geometric 
series. If \nt G t one has |e-^('"')| = e^^^^^^"') < 1 for all /3 G A+. Therefore, these 
series converge absolutely on T , and after expressing all of the roots a,/3 G A+ in 
terms of the simple roots CT,- , the series can be reordered to the stated form, with the 
resulting series still being absolutely convergent. □ 

To draw a conclusion from the differential equations J^^/^D(^{J^/^x) = 0' we need 
some understanding of the joint kernel of the set of differential operators Di . Consider 
the exponential function / = e^k{^'"kVk-'^'l>k) for some set of numbers mk, . 

Lemma 4.14. — The function f = el^k{»nk¥k-nk<t>k)°in ^-^ annihilated by all of the oper- 
ators Di {£ G Nj if and only if {mi, . . . ,mp^q} is the same set as {ni, . . . ,np^q}. 

Proof. — / is a joint eigenfunction: 

Q-l.k{i'"kVk-nk(t>k)°inj^^^^1,,{imk\lfk-nk(l)k)oln^ = 1^ Yf^^l {f^l - nl) , 

and the eigenvalue vanishes for all £ G N if and only if n^ = 7r(m^) (k = \,. . .,p + q) 
for some permutation n G 8^+^ . □ 

If we were dealing with a non-degenerate representation, the joint eigenspace of the 
operators (corresponding to the given set of Casimir eigenvalues) would have a 
dimension no larger than the order of the Weyl group. In contrast, the joint kernel of 
the operators Df is seen to be huge! One might therefore think that our character X is 
hopelessly underdetermined by the system of equations J^^/^Di{p/^x) = 0- However, 
the situation will be saved by Prop. 12.121 which says that y = Y.i^'^kVk — f^k^k) is a 
weight of oiiiy if coefficients and n^ are integers in the range 

nj<0<mk<N<ni {I < j < p < I < p + q) . (4.33) 

Recall now from Cor. |2.13| the weight expansion of the character x , which involved 
unknown multiplicities for the weights yeTx. For present purposes, let this expansion 
be written as 

;t(0=I,er,^re^^^"^ (4-34) 

whereby = (-l)l^ldim(\/y) are the unknowns. NoteBx^ = 1, since the highest- weight 
space is one-dimensional. W-invariance then implies B^^(^i^'^ = 1 for all w G VF. 

Every weight 7 G is uniquely represented in terms of the highest weight Ayy and 
the simple roots (|4.32l) as y= — L[=i c/CT/ with non-negative integers c/ . We refer 
to the uniquely determined number J^, c, > as the degree of the weight 7. 

Lemma 4.15. — If the system of differential equations J^^/^Di{J^/^x) = f£ G Nj 
admits a W -invariant solution of the form A4.34\) with B^^ = 1 and weights 7 that have 
coefficients in the range A4.33\) . then this solution is unique. 

Proof. — By multiplication with the function e^^°'"7^/^, write the system of differ- 
ential equations in the equivalent form 

WeN: = e-^°'"D^(7i/2;j,) ^ 
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and use for 7^/^ the absolutely convergent expansion given by Lem. |4.13l By Cor. 12. 131 
the domain of absolute convergence of the weight expansion (14.341) of % contains T . 
Thus one may insert (14.341) to obtain 

V£ G N : = £Afc I^/ye-^°'"Z)^ i^{^+y-^b,<^i)o\A^ ^ (4.35) 

where the Z?-sum is over bi>0. The statement to be proved now is that the solution of 
these equations for the unknowns By is unique (assuming that a solution exists). 

Interchanging the sum over 7 G r;^^ with the sum over the Z?/'s and making the sub- 
stitution 7^ 7+L^;Cr/, one reorganizes the system (14.351) as 

V£ G N : = £^ {Lj:t,>o^hBy^Lb^a) e-^°i"D, (e(^+r)oin j _ (436) 

By standard reasoning the functions e(^+^)°'" which appear in the outer sum, all are 
linearly independent of each other. They are eigenfunctions of the operators . The 
inner sum is a finite sum because the degree of the summation variable 7' = 7+E^;<^/ 
decreases with increasing values of the coefficients bi and the multiplicity By/ vanishes 
when this degree is less than the degree of the highest weight A/^ . 

The plan then is to solve the system of equations (14.351) for the unknowns By recur- 
sively, by starting from Bx^ = 1 and proceeding in ascending order of the total degree 
of Y eTx . An unknown multiplicity By will be uniquely determined by the recursive 
scheme (14.361) if the function e (^+7)°in (joes not lie in the joint kernel of the differential 
operators . Indeed, in that case one deduces from (|4.36l) the equation 

0=AoBy + Y,^^^^^,AhBy+^b:a. , (4.37) 

and since A^^q 7^ , this determines By from the already known By for the weights 
7= Y+Y.biOi with Y^bi > 1, which are of lower degree than the weight 7 in question. 

It remains to show that there is no indeterminacy from solutions of D^(e'^^+^)°'") = 
for Y ^^X- The half sum of positive roots is readily computed to be 

^ = lS(^-P-i)iV4 + I^i(i-i)<^>.+lE^i(^-P-^-5)<^'/' 
and adding 7 G oi^^ g^ts from (|4.33l) that 5 + 7 = Eyt(i%V^/t — f^k^k) with 

«p-j+i < i-p-\ (j = 1, •••,;?) , 

k — p — ^ < ifik < N + k — p — j {k = 1, . . .,p + q) , 
N + l-p-\ < n2p+q-i+i (/ = p+ 1,. ..,/? + <?) . 

By a simple induction one proves that, given these inequalities, there exists just one 
way to arrange for the nij^ to be a permutation of the . This unique arrangement 
occurs when the inequalities are saturated as mj = fip-j^i = j — p + j (for j = 1 , . . . , p) 
andm/ = n2p+q-i+i =N + l — p — j (for I = p + l, . . . ,p + q). Returning from 7-1-5 to 
7 we see that these values of the coefficients thk and fik correspond to the coefficients 
mk and of the highest weight Xm . 
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By Lem. |4.l5] it follows that 7 = Aa? is the only solution (for y eTx) oi the system 
of equations D£(e(^+^)°'") = for all £ G N. Thus there is no indeterminacy and the 
weight expansion (14.341) for x has now been shown to be uniquely determined. □ 

4.7.2. Explicit solution. — As a preparation for writing down and establishing a so- 
lution of the conditions (A-C), we trisect the system of positive roots A+. 
Recall from Sect. |2.7| the decomposition 

Hom([/+,t/-)©0[(C/+)©g[([/-)©Hom([/-,C/+) -^g[(C/) . 

Aj^ was defined in (|2.39l) as the set of positive roots a with the property that the root 
space g^" lies in the space of degree-increasing operators g(^) = Hom([/^, C n^; 
these are the roots listed in (|2.40l) . The complementary set A+ \ Aj^ splits into two 
subsets associated with Qi{U^) = g[p|p and gi{U^) = g[^|^ : 

Aj = {a G A+ I g« c gKt/+)} , A+ = {a g A+ | g« c g[(C/-)} . (4.38) 
The first set A+ is made from the sequence 

by taking differences x — y with x occurring later in the sequence than y, just like in 
(12.321) . The other set, A+ , is obtained by doing the same with the sequence 

Wp+l 5 ■ • • 5 Wp+q 5 ^p+l 5 • • • 5 ^p+q ■ 

Thus we can express the system of positive roots A+ as a disjoint union of three sets: 

A+ = A+UA+UA+. (4.39) 
Let the corresponding factorization of the function J of (14.291) be written as 

J = JpJqZ^. (4.40) 

If A+ = A^Q U A^ J is the decomposition into even and odd roots, the first factor is 

naeA+/inh2(ia) 



Jp= „ ' . °ln, (4.41) 

+ 



n/3eA;/inh^(5i8) 

and the second factor, Jq , is analogous. The third factor is the inverse square of 



n^SeA+j si'^h(^/3) p p+q [I _ 



Z=~-^^^^ ^oln=n n - "^ ^1 (4-42) 



All of these functions exist on the subset of regular elements T' cT . 

Recall from Sect. 14.5 1 that Weyl group elements w G act primarily on the torus T 
hy t^w-t\ this induces an action on functions / : T ^ C by w{f) (t) = f{w^^ ■ t) . We 
also have induced actions on the tangent vector space f)R D t and on linear functions 
on f)R . Let C IV be the subgroup that stabilizes the highest weight ■ 
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If / : r ^ C is W;l -invariant, define the VF-symmetrized function Swf by 

Swm:= ^ fiw-'-t). 

Note that since the set A'^ is invariant under the induced action of , so is the function 
Z constructed from it. 

Lemma 4.16. — The function X '■ T' C defined by 

Xit)=SwXxit). Zi(0=e^^('"^)z(0, 
is a solution of the system of differential equations J^^/^Di{J^/^x) = (property C). 

Proof — Take the square root 7^/^ = jy^j\^^Z^^. Then notice that the differential 
operators Di , which are sums of powers of partial derivatives, split according to 0*^*^^ = 
0[(t/+)©0l(t/-) =0[p|p©0[g|gas Df: = Dj+DJ, so that 

,-1/2 -1/2 .1/2 .1/2 _ j-i/2^+ jl/2 -1/2 1/2 

Jp Jq JJ£°Jp Jq —Jp JJg °Jp +Jq J^f °Jq ■ 

Since the Dg are W-invariant and commute with the symmetrizer Sw, one has 

J-'/'D,{j'/h) =7-i/25^D,(7yVy^e^-°i") . 

With these identities in place, in order to establish property C it is sufficient to show 
that the function t e'^'^*^'"'^'' obeys the system of differential equations 

7p ^/^D+(7p/^e^'v°>") = 7g"^/^D7(7y^e^^°i") =0 G N) . 

But these follow in turn from Cor. Ol Indeed, e'^'voin ^^Yl = NYfi^p^i - ^/) is 
the primitive character of GLp\p x GLq\q which is given by the trivial representation of 
GLp|p and the SDet^^-representation of GL^|^ . Both of these representations are one- 
dimensional and thus of unequal even and odd dimension (dimVb = 1 and dimVi = 0). 
Hence Cor. 14.121 applies, and property C is now established. □ 

Next, we address the question whether the function % defined in Lem. l4.16l possesses 
the property A of our list. For that, we write the function Z of (|4.42l) in the form 

^ P sinh(i((^,-iv/,)) sinh(i(iv/,-0,)) ^^^ 

Clearly, in the domain T , where 0/ < < 0/, the function e'^'v°'"Z and all of its W- 
translates are analytic in the -variables. Z, however, has poles at i/// = x^fj (mod 2;ri). 

The issue at stake now is what happens with these singularities under symmetrization 
by the Weyl group W. To answer that, let us adopt the convention that j,/,/' G 
{!,...,/>} and 1,1' ,1" E {p-\-l,...,p-\-q}. Then, fixing any pair j,l, let Tji C T be the 
zero locus of the factor sin (^(i/// — i///)) of the denominator of Z, excluding the zero 
loci of other factors. If w G W, there exist two types of outcome for the action of w on 
the corresponding functions x^fj , i/// . Either we have one of the two situations 

w{Wj) = Wf , wim) = V/// , or wixifj) = V/// , w(v//) = V^/ , 
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for some pair /, /' , in which case the singular factor sin ( i/// — still occurs in the 
denominator of the transformed function w(Z) ; or else we have 

= ¥j' , = ¥j" , or w{\j/j) = y/i, , w{\j/i) = xj/i,, , 

in which case the singular factor is absent and w(Z) is obviously well-behaved on Tji . 
Thus we may organize the sum over Vl^-translates for x in two parts: 

sm(^(v//- v/^)oln) 

where fi^-'') is the sum of all terms that are non- singular on Tji . 

Now observe that there exists an element Wji G W with the property that its action 
interchanges \\fj with i/// and leaves all other ^fk the same. This Wji clearly preserves 
the organization of % into singular and non-singular terms. Since x is W-invariant, we 
have Wji{B^-'^'>) = B^j'^ and, since sin (^(i/// — is wji-odd, it follows that 

Given the expression for Z, this means that A^-'') vanishes at least linearly on Tji . Thus 
the apparent pole is cancelled and both summands in (14.431) remain finite there. 

Simultaneous poles from several factors of the denominator H sin (^(i/// — i///)) are 
handled in the same way. Thus we conclude that the V7-invariant function x '■ T' ^ C 
defined in Lem. 14. 1 6l continues to an analytic function x ■ T ^ C 

Proposition 4.17. — The analytic function x '■ T ^ C which is given by x = SwXx 
andXi{t)=o^''^^'"^Z{t) is a solution to the problem posed by the conditions (A-C). 

Proof. — It remains to prove that the proposed solution x has property B, i.e., if 
X is expanded as xi^) = Ly^ye^*^'"'^''^ then all of the weights 7= Y.ki^'^kYk ^ f^k^k) 
occurring in this expansion have integer coefficients in the range 

nj<0<mk<N<ni, 

and B^^ = 1. We still refer to the linear functions 7 as "weights", even though in the 
present context we must not use the fact that they are the weights of a representation. 

The first step is to expand the function Z by exponentials. For that purpose, we add 
some real constants to the imaginary parameters ixif^ and define a positive chamber 
t+ C [) of real dimension 2{p + q) by 

t+ : (1)1 < . . . < (pp < mt{i\j/i) < . . . < iWp+q) < (Pp+l < ■ ■ ■< (Pp+q ■ 

Note that if // G t+ then a{H) > for all a G A+. Put := exp t+ . 
Now rewrite Z from (14.421) as 

Z = : o In . 

n«.j„(i-e-«) 

Since A+q c A+, and le^^^'^^) | < 1 for // G t+ and a G A+, each factor (1 - e-«°i")-i 
of Xx = e'^'^°'"Z can be expanded on 7^ as a convergent geometric series. 
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A slightly modified expansion procedure works for all of the VK-translates w{xi)'- if 
a root w{a) for a E A^q is positive, we expand as before; if it is not, we first rearrange 

(1 _e-M«))-i = _ew(a)(^ _gw(a)^-I ^ 

and then expand. In this way, we produce for x = SwXx expansion 

;t(0=L/ye^^'"'^ r=E,(imfcV^fc-%(^)fc), (4.44) 

with integers m^t and » which is absolutely convergent on . 

In the case of the coefficients , since the action of the Weyl group W preserves 
the inequalities 0j < < 0/ , the desired restriction on the range is obvious from Aa? = 
NY^iWi ~ 0/) ^iid the system of AA^-positive roots A^q- What needs to be proved, 
though, is the inequality for the coefficients m^t : 

0<mk<N {l<k<p + q). (4.45) 

To that end, notice first of all that the set of {p + (^r) -tuples (mi , . . . , nip^q) occurring 
in (|4.44l) certainly is a bounded subset, say Dx^ , of Z^+^. Indeed, if this was not so, 
then there would be an immediate contradiction with the known analyticity of X when 
any one of the factors Q^^n'^^i passes through unity. (In other words, our expansion by 
exponentials must remain convergent when we let t eT^ tend to t eT.) 

Although sharp bounds on are not easy to establish directly, the following state- 
ment is immediate: D^^^ lies in the intersection of the sets of mi > and tUp^q < N . 
Indeed, writing the proposed solution x as 

wi^M |J,4ii(i-e-(v'.)-(v''))(l-e^.-^0 

and inspecting the terms in the sum over VF-translates where w(i///) ^ i//i for all / = 
p + I,..., p + q, it is clear that negative powers of e"''' never arise from such terms in 
our expansion. For the summands where w{\ifi) = Xjfi does occur for some / , we write 



iw{\j/j)-iw{\i/i) LL 



and since the roots iw(v/j) — ii/^i are in A+, the new denominators are ready for expan- 
sion, and we see that the dependence on i//i is always e™''''i with mi > 0. 

Similarly, the inequality nipj^q <N is obvious, with the exception of the terms of the 
[w]-sum where w(i//j) = Xj^p+q for some j E {1, . . . ,p}. But in those cases we write 



where all denominators are again of the form (1 — e^")^^ with a E A+. Because e^'^ 
contains a factor e^^p+y we cannot infer nip^q < 0, but it does follow that nip+q < N . 

Thus we have established that D^^^ does not intersect either of the sets mi < or 
m„_|_o > A^. This of course still leaves a set much bigger than the desired one of (14.451 ). 
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We now repeat, however, the whole procedure for another choice of highest weight 
w{X}^) ^ Xn {w E W). Thus, replacing the system of positive roots A+ by a system 
of positive roots w(A+), and the domain 7+ by a transformed domain w(7+), we pro- 
duce another expansion for x by exponentials where the (p + ^)-tupels of integers 
(mi, . . .,mp+q) in (14.441) are another set D^,(^Xn) ^ There exists such a choice of 

highest weight w^^;(^x^) that the roles formerly played by and ^fp+q are now played 
by 1//2 resp. y^p+q-i . With this particular choice, by the same argument as before, the 
set £)vy(liv) has zero intersection with m2 < and with mp+^_i > A^. 

A priori, the second expansion could be different from the first one. However, since 
the two expansions represent the same analytic function and both sets and 
are bounded, they must actually coincide: D^^ = D^^x^^ . It follows that the integers 
of our two identical expansions have zero intersection with each of the sets mi < 0, 
m2 < 0, nip+q^i > N, and nip+q > N. 

By continuing in this fashion, one eventually cuts down the range of the integers nij^ 
to that of (14.451) . It is easy to see that Bi^ = 1. This completes the proof. □ 

From (14.461) our solution to the problem posed by the conditions (A-C) coincides with 
the one stated in Thm. 11.11 Since the solution is unique by Lem. I4.15[ the proof of that 
theorem is now finished but for the need to prove Prop. 14. 4[ 

4.8. Proof of Cor. O — The claim made in Cor. O is that 

U%i Det(Id^ - e'V'. u) uCp+i " 



n;,=i Det(Id^ - c^fu) nCp'+i Det(Id^ - e"-^'' u] 



du (4.47) 



1 QNiwiYk) llj,j{l-e'^j'-'''^'f''^)lljj,{l-e^^iVj)-^i' 



I n 



plql 4ii o^m /(I -e-C^.O-Mv^.)) n,., ,(1 



holds as long as p' < p+N and q' < q + N . 

This formula is deduced from (14.461) by the method of induction as follows. To start 
the induction process, note that if p = p' and q = q', then (|4.47l) is just (14.461) restated 
by dividing both sides by and replacing the sum over cosets Lfwiew/iVi by the 
normalized sum over group elements {plql)^^'LweSp+g- 

Assume now that (|4.47l) holds true for some set of non-negative integers p, p', q, 
and q' in the specified range. Then by taking e^"^''+? to zero, and assuming q > I and 
q' < {q — I) + N ,letus, show that (|4.47l) still holds true when q is lowered to ^ — 1 . 

For this purpose, divide the sum over permutations w E Sp+^ into two partial sums 
which are set apart by whether ^ ( Yp+q) = i/// for j G { 1 , . . . , p} or ^ ( \]/p+q) = i/// 
for Z G {p+ I, . . . , p + q} . In the former case the corresponding summand on the right- 
hand side of (14.471) goes to zero in the limit of e^'^Vp+^i . Indeed, collecting all 
factors containing w(v/y ) = V^p+^ one gets 
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which scales as e^i^+i^i'^Vp+q when e^^^p+^i is small, and since N + q — q'> 1 by 
assumption, the contributions from such terms vanish when q^^^p+i is set to zero. 

Now turn to the second case, where ^ ( ^fp^q) = ^i^i for some I E {p+l, . . . ,p + q}. 
There are q x (p + q — l) \ such permutations. By explicit invariance under the second 
factor ofSpXSq one may assume that w{\j/p+q) = \]/p+q ^^'^ make the replacement 

where Sp+^-i C Sp+^ is the subgroup of permutations that fix Xj^p+q. In all of these 
terms the product of factors containing the singular variable V^p+^ is 

± 

qN i w+, Hj ( 1 - e'^^^^j^^^^p+i ) ' 

which goes to unity when q^^^p+i is set to zero. The remaining factors on the right- 
hand side of (14.471) reproduce the desired answer for the lowered value q — \ . On 
the left-hand side, setting er^^p+'i to zero just removes the factor Det(Idyv — q^^^p+i u) . 
Altogether this shows that the induction step q—^q — lh valid in the specified range. 

In very much the same manner one establishes the validity of the induction step of 
p ^ p—\ for p>\ and p' <{p—l)+N . 

Finally, it is clear that one can always lower p' and q' by sending e*^/ resp. 
Q-^ii 0. In this way (14.471) follows in the full range p' < p+N and q' <q + N. 

5. Proof of the extended character formula 

Key to our determination of the character x was property C (the system of differen- 
tial equations) which in turn resulted from the statement that x '■ T ^ C extends to a 
radial section ;t G ^ by Prop. 14.41 The proof of that proposition had to be postponed 
because of length; we return to it in the current section. 

To prepare for the situation of our Howe dual pair (g[„|,j,UAf), we go back again 
to the basic setting (Sect. 12.51) of a Zi-graded vector space V = Vi (BVq with Hermi- 
tian subspaces Vq and Vi and orthogonal decompositions V^- = (BV^ (r = 0, 1). 
Introducing s := ldy+ © (— Idy.-) we associate with the pseudo-unitary vector space 

Vq = {Vq , s) a non-compact Lie group \J{Vq) and a semigroup H^Vq) by 

U(Vo') = k e GL(Vo) I g'^sg = s} , H(y^) = {ge GL(Vo) I g'^sg < s} . (5.1) 

Note that H(VJ) is open in GL(yo), and that U(yj) C Wv^. 

From Def. 12.71 recall the definition of the spinor-oscillator module £/v of V. We 
are now going to construct representations R and R' of the semigroup GL(yi) x 11(^^0 ) 
and the Lie group U(yi) x U(Vq), which integrate the infinitesimal representation R^ : 
qI{V) 0t(M') of Sect. 12. 5[ This, in combination with some superanalysis, will 
eventually lead to a proof of the character formula (14.241 ) of Prop. 14. 4[ 

Our first step is to construct R : GL(yi ) x 11{Vq) GL(^v) • For the first factor this 
is straightforward. We start from the canonical representation a : GL(yi) — > GL(Ayi) 
by C7(^)(v A v' A . . .) = (^v) A (^v') A . . .. Then, choosing for d = dim(yj^) a unitary 
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generator Q G A'^(yj^*) we have a non-degenerate pairing /\*{V^) ® A'^^*(yj^) C, 
(a,^?) 1-^ Q.{aAb) and hence an isomorphism t : A(yj^) ^ A(yj^*). This gives a 
GL(yi) -representation on A(y]^) ® A(yj^*) and hence on ^/y- We denote it by Ri : 
GL(yi) — > GL(i2/y). Since a is unitary onU(yi),so is R[ :=^i|u(Vi)- 

Recall that g G GL(yi ) acts onv + ^ eV^QV^ by g{v + (p) = gv + cpog^K Recall 
also that in Def. |2.7| a Clifford action w i— > c(w) of = y^ © y^* on £/v was specified. 

Lemma 5.1. — The Clijford action c.Wi^ 'End^s^y) is GL{Vi)-equivariant: 
Ri{g)~^c{w)Ri{g)=c{g-^w) (for all g e Gh{Vi) andweW^) . 

Proof. — This is an immediate consequence of the formula Ad o exp = exp oad and 
the fact that [R^{X),c{w)] = c{X-w) forX G qI{Vi) ^ gl{V). □ 

5.1. More about the semigroup H(yj) . — We now turn to the sector of the vector 
space Vq = © Vq' with pseudo-unitary structure given by the involution s . To con- 
struct a representation of the semigroup H(yQ) on the oscillator module S{V^ © Vq'*) 
some serious analytic issues have to be addressed. The first prerequisite for that is Lem. 
15. 2[ which provides some needed information about H(yQ). In the statement of that 
lemma and its proof, we succumb to the convenience of denoting the unit operator on 
Vq simply by Idvo = 1 . As usual, if X G End(yo) , let X i-^ be the operation of taking 
the adjoint with respect to the Hermitian structure of Vq , and define 9^eX = j{X +X'^) . 

Lemma 5.2. — If C,f{yQ) denotes the set of complex linear transformations 

l^+iVo) := {X G End(yo) | ^tX > , Det(X + 5) ^ 0} , 
the ( Cayley-type) rational mapping 

l+h 

a : H(y(^') End(yo) , h^s - — - = ah 

I — n 

is a bijection from the semigroup ^(Vq) to ^+(yo). 

Proof. — G H(yQ ) cannot have an eigenvalue at unity, for if there existed an eigen- 
vector i/A = hx^r then the defining inequality h"^ sh < 5 of H(yQ ) would imply 

{\if,s^f) = {h^f^sh^f) = {^f^h^sh^f) < (V^,*!^) , 

which is a contradiction. Thus I— his regular, and the map a exists on H(yQ ). 
Adding and subtracting terms gives 

0<s-h'^sh = \{l -h'^)s{l+h) + ^{l+h'^)s{l-h) . 

Multiplication by (l—h^)^^ and (l—h)^^ from the left resp. right then results in 

which is the statement IHea/, > 0. If X = a^ then X + s = 2s{l —h)~^ has an inverse 
and hence a non- vanishing determinant. Thus h t-^ a^ maps H(yQ) into ^+(yo). 
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By the same token, the converse is also true: if X G Cti^o) then 
h = a^\X) = l-{X + sy^2s = {X + sy\X-s) 
satisfies h'^sh < s and lies in H(Vq). Thus a : HCVq) —>■ ^^(Vq) is a bijection. □ 

Corollary 5.3. — The manifold H(yQ) is connected, and is closed under h ^-^ sh^ s. 

Proof. — The space of all X E End(Vb) with 9^eX > is convex and hence connected. 
The connected property cannot be lost by removing the solution set of Det(X + s) =0; 
thus the space C/(^o) is connected. Clearly, the bijection a^^ : ^ti^o) ^ ^(^0) is a 
continuous map, and it follows that H(yQ ) is connected. 

By Lem. ^ if h e H(yj), there exists X e C(Vo) so that h=l- {X + s)-^2s. 
Take the adjoint and conjugate by s to get sh'^s = 1 — {X^^ + s)^^2s . Since Cti^o) is 
obviously closed under X t-^ X', so is li{V^) under h^sh^s. □ 

Remark. — It follows that if h E GL(yo) and h^sh < s then one also has hsh^ < 5 . In 
terms of the automorphism o : GL(yo) GL(yo) of (14.61 ). one can say that H(yQ) is 
closed under o{h)^^ . By setting Vq = and Vq' = one gets the properties 
of the semigroup Hp^^ which were stated without proof in Sects. |4~m and 1441 

5.2. Representation of H(yQ) and \J{Vq) on ^/y- — Our approach is inspired by 
Howe's construction [14J of the Shale- Weil representation of the metaplectic group via 
the oscillator semigroup: we first construct a representation of the semigroup H(yQ ), 
and then pass to its closure to obtain a representation of U(yQ ) C H(yQ ). 

To begin, if a vector v G yo is written according to the orthogonal decomposition 
Vq = Vf^ © Vq' as V = v+ + v_ , we assign to it a linear operator Ty on £^v by 

= eiM0'+)+i5(cv+) gi5(v_)+iM(cv_) _ ^^^2) 

Since .sz/y is equipped with its canonical Hermitian structure - cf. Sect. 12. 21 and (12.141) 
- in which the relations ll{v+y = 5{cv+) and 5(v-)^ = /i(cv-) hold, such operators 
are unitary: Ty^ = T_v = Ty^^ By a straightforward computation using the canonical 
commutation relations (12.121) . one verifies the composition law 

T„Ty = T„+ye-^^"^<"'-"'), (5.3) 

where ( , ) is the Hermitian scalar product of the Hermitian vector space yo . (The Ty 
with this law define a representation of the so-called Heisenberg group). 

Now, with a rapidly decreasing function F on Vq associate an operator Op(F) by 

Op(F) = / F(v)Ty Jvol(v) (5.4) 
JVo 

where dvo\{v) is Lebesgue measure on yo normalized by /y.^e^^(^'''') Jvol(v) = 1. The 
multiplication law for such operators is readily seen to be 



Op(Fi)Op(F2)=Op(Fi«F2) 



(5.5) 
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where Fi^F2 is the convolution product twisted by the mukiplier in (15.31 ): 

{F,m){u) = I Fi(i<-v)F2(v)e-^^"^<"'-"'>Jvol(v). (5.6) 

The next step is to specialize this convolution product to a good space of Gaussian 
functions on Vq . Recall the definition of the set ^+ (Vq) C End(V()) from Lem. 15.21 and 
with every element X G ^fiVo) associate a Gaussian function jx'. Vq ^ C by 

jxiy) = Det{X + s)e-^'^"'^''^ . (5.7) 

IfX and Y lie in C+{Vo), then mc{X + 7) > 0, so that the density 

1 7x — v) }y (v) I (ivol(v) 

decreases rapidly at infinity and the twisted convolution product Yx'l^Yr exists. 
Doing the Gaussian convolution integral by completing the square, we easily find 

rx\^rr = YxoY , (5.8) 

with the composition law {X,Y) t-^X oY given by 

XoY :=X-{X-s){X + Y)-\X + s) = {Y + s){X + Y)-\X + s) - s . (5.9) 

From Lem. l5.2l recall now the bijective map (we again abbreviate Idv„ = 1) 

Lemma 5.4. — The mapping R : H(VJ) End(,c/y) defined by 

X ^ R{x) = Det{a^ + s) [ e"5<'''^'='^ Tv^^vol(v) 

is a representation of the semigroup H(V'q) by contractions, i.e., \\ R{x) \\op< 1. 

Proof. — With respect to multiplication in H(Vo ) the function x*-^ ax behaves as 

axy + s = 2s{l-xy)-' = 2s{{l-x) + {l-y)-{l-x){l-y)y' 

= {{ax + sy^ + {ay + sy^ -{ax + sy^2s{ay + sy^y^ 

= {ay + s){ajc + ayy^{ax + s) =ajcOay + s , 

which is exactly the composition law (15.91) . Thus the bijection a^^ : ^ti^o) ~^ H(V'J) 
transforms the complicated product (15.91) into plain composition of linear operators: 

a-\XoY)=a-\X)a-\Y) . 

Setting R{x) := Op(7a^) and using (|5^ 1531) one gets 

R{xy) = Op(r„,o«,,) = Op(r,Jr,,,) = Op(7«jOp(r,,,) = R{x)R{y) , 

which says that x i-^ R{x) is a semigroup representation. 

For the proof of the contraction property we refer to p4|. Chapter 15. □ 
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Now recall that the group of pseudo-unitary transformations U(V'q) defined in (14.31 ) is 
found in the closure H(yQ). Hence we can define R'(^) for g E U(Vq) by taking the 
limit of R{xj) for any sequence {^j}jeN i^i H(Vq) that converges to g. (Convergence 
here means convergence in a strong sense, namely w.r.t. the bounded strong* topology. 
For the details of this argument we refer to [14J, Chapter 16.) 

Li particular, if a sequence ^i^o) converges to an element g of the open 

and dense subset of U(yQ) where l—gE End{Vo) is regular, then using Jl = T_^ and 

al = (1 — x')^^2s — s = 2s{l —sx's)^^ —s = a^^t^ , 

one sees that the limit operator R'(^) := limj^oo R{xj) has an adjoint which is 

R'igy = lim R{sx]s) = R\g-') , 

since sg^s = g^^ for g E U{Vq). Moreover, if {xj} and {yj} are two sequences in 
ii{VQ) approaching g resp. h in \J{Vq), then the semigroup law R(.x:j)R(yj) = R{xjyj) 
delivers the group law R'{g)R'{h) = R'{gh) by continuity of the limit. 
We thus arrive at the following statement. 

Lemma 5.5. — Taking the limit (where still e ■ 1 = eldvoj 

R!{g)^ lim Det(a„ + 5 + £-l) / e"2<'''("s+'^-i)''^Tv Jvol(v) 

yields a unitary representation R! : U(Vq ) \]{s^y). This representation is compatible 
with the semigroup representation R : H(Vq) GL{£^y) in the sense that R{xg) = 
R{x)R\g) and R{gx) = R'{g)R{x)for allxE li{V^) and g E IJ{V^). 

Since the construction of R' makes no reference to the representation of the Lie 
algebra u(V'q ) by the restriction \u{v^^) ' their relationship is as yet an open question. 

To answer it, pick any I —X =x E ii{VQ) subject to the condition X^s + sX > 0. For 
such X = I —X, the curve t ^-^ Xt := I — tX for < ? < 1 is a curve in H(Vq). Indeed, 
the condition for Xt to lie in 13(^^0 ) is xjsxj < s , which translates to 

t^X'^sX KtiX'^s + sX) , 

and since <X^s + sX and this inequality holds for t = 1 , it holds for all < ? < 1 . 

Note that X^^ exists, and that ^itXs > 0. Now insert ax, = 2s{l —Xt)^^ —s = 
2s (tX)^^ —s into the expression for R{xt) from Lem. 15.41 andrescale v ^ y/iv: 

R{l-tX) = Dot{tXs/2)-^ [ Q-MX-^)-'-)Q^Vt^i{v+)+iVtS{cv+) 

Jvo 
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Using Tiei{tXs/2) ^d\o\{^/tv) = T)Qi{Xs/2) ^(ivol(v), take the one-sided derivative 
at r = 0+ : 

(JR),(-X) = -Det(X5/2)-i / e-<^'(^-')"'^'>(M(v+) + 5(v-)) 

JVq 

X (5(cv+) +/i(cv-)) (ivol(v) . 

To do the Gaussian integral over v, expand the integration vector v in orthonormal 
bases {ef} and {ej} of Vq^ resp. Vq , and use cef = {ef = f^. If X is decomposed 
into blocks according to Vq = © Vq", the final result assumes the form 

W^(c d) =I(M(Ae+) + 5(Ce+))5(/;+)-£(M(Be7) + 5(De7))M(/p. 

This is exactly the operator which is assigned to X = Y^iXef) fi^ + Y.{Xej) ©/^ by 
the spinor-oscillator representation of Def . 12.71 

Since R' : U(V'J) — > U(=c/k) is constructed from R : H(V'J) GL{^v) by a contin- 
uous limit procedure, the same formula holds for X E u{Vq ) . We thus have: 

Lemma 5.6. — The infinitesimal of the representation R' : U(V'q) U(^v) agrees 
with the Lie superalgebra representation i?* : QliV) gl(£/v) restricted to niVQ) : 

(JR')e =i?*|u(Vg^) • 

Another question to be addressed concerns the relation between the semigroup rep- 
resentation R and the Weyl action w : Wq — > End(^v/) of Def. 12.71 To answer it in a 
good way, let us introduce for every v -|- 9 G Wo the operator 

T,+^ = eiM(v+)+i5(v_)gi5(,p+)-iAi(«)-) ^ (5_iQ) 

where w = v -f 9 = V-|- -I- v_ -f 9+ -f (p_ is the orthogonal decomposition according to 

Wq = Vq® V* = ® ® V+* ®Vq\ For x E GL{Vo) recall x-w = xv + (px-K 

Lemma 5.7. — For all w eWq andx E H(V'J) C GL(Vb) the following relation holds: 

R{x)Jw = JxwR{x) . 

Remark. — Being unbounded, Tv+(p is not an operator on the L^-space of jz/y. Still, 
it does exist as an operator on the algebra of holomorphic functions on ® (Vq^)*- 

Proof. — By the canonical commutation relations (12.121) . the operators Ty+(p satisfy 

T T — T e^^Vi^) 

' v+(p ' v'+(p' — ' v+v'+(p+(p' c 

Using this composition law and the identity Ju = e^5^"''"'^T;,+c,sM in the defining ex- 
pression for R{x) in Lem. l5.4[ one writes the product R(.x:)Tv+(p in the form 

RWT,+^ = Det(a, + 5) / e-^<"'("-'-+^-)")+^«i--)"'")T„+,v+,,™ dvo\{u) . 

Jvq 

Here a shift of integration variables u — {l—x)v and csu csu — cp has been made, 
and the relation j{ax + s){l — x) = s was used. Similarly, one evaluates the product 
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'^xv+(px-^ R(x) by shifting csu csu — (px ^ . The resulting expression is the same as 
for R{x)Jv+(p . Since xv + (px^^ =x - {v + (p), this already proves the lemma. □ 

Corollary 5.8. — The semigroup representation R is compatible with the Weyl action 
w : Wo — i> End{£/v) of Def. \277\ in the sense that 

R(x)w(w) =v/{xw)R{x) 

for all w G Wo andx G H(Vq). 

Proof. — Differentiating the curve of operators 1 1— > Ttw at ? = gives the Weyl action: 
d 



dt 



It 



ill{v+) +i5(v_) +i5{(p+) -i;U((p_) =iw(w) 



Therefore the assertion follows by differentiating the statement of Lem. [5Jl 
One final statement is needed to clarify the relation of R with earlier structure. 



□ 



Lemma 5.9. — For every x G H(Vq) and Y G gl(Vb) there exists some e > Q so that 
o'^x G H(yQ ) for all t G [— £, c]. The derivative of R along the curve t i-^ e'^x in x is 

d-' tY,.^ -R,{Y)R[x) 



dt 



R(e'^jc) 



f=0 



where i?* = 7?* 



m)) 



is the restriction of the representation : QliV) Q 



Proof. — The first statement just says that the semigroup H(Vq ) is open in GL(V())- 
For the second statement use the formula 



d 

dt ^ 



= 24(l-e^^x)-i 
/=o dt 



{ax + s)Yx{ \ —x) 



to compute the derivative as 



Det(ax + >^) 



Vo 



f=0 

e-^<"'"^"Vy,x(i<)T„rfvol(M) 



= TtvqYx^I-x) ^ -\{u,{ay, + s)Yx{l-x) ^u) . 
On the other hand, identifying 0t(Vb) — Vq®Vq XtiY =v® ^ and notice 

^*(v®(p) =w(v)w((p) = —g^^tv+t'<p ■ 

In order to exploit this relation, consider the product 

T,+^RW=Det(a, + 5) / e-^<".(%+^-)")-'PH f Jvol(i<) . 

Now make a shift of integration variables u ^ u — v and csu csu — (p , and use the 
identity j{ax + s) — I = x{l — x)^^ to obtain 

f,+^R(x) =Det(a;, + ^) / e-5<"'"--"^+5<"'("-+-^>'^+'P(^'(i-^)"'("-^'))T„ Jvo1(m) . 

Substitute v ^ tv and cp t'(p and differentiate at f = = to arrive at a formula for 
i?*(vCg> (p)R{x). The result is the same as our expression for the derivative of R{e'^x) 
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at ? = specialized to the case Y = v® q>. The formula of the lemma now follows 
because every Y e q\-{Vq) can be expressed as a linear combination Y = Y^Vi® (pi. □ 

Lemma 5.10. — Let P be any element of the Clijford-Weyl algebra ofW = V®V* 
acting on s^y by the Clijford-Weyl action q of Def. \2.7\ Then the operator q{P)R{x) 
for X G H(yj) is trace-class and STr^^ q(/')R(x) depends analytically on x. 

Proof. — The representation space s^y is isomorphic to the tensor product of s^y^ := 
A(yi+ ©Vf *) with £^y^^ := S(yQ+ ©Vq"*), and the operator R{x) acts non-trivially only 
on the second factor. Since the first factor is a finite-dimensional vector space, the 
assertion is true if Tr^^^ w(/') R(x) exists and depends analytically on x for every Weyl 
algebra element P E Vo{Wq), operating by the Weyl action w on ,0^0 • 

Applying the unitary operator Ty to 0o = 1 ^ C C M'o one gets a unit vector :— 
Tv0o £ ' which is called a coherent state. From the relation (15.31) one has 

= ((^)o,T_vT„Tv(^)o) =e-2>3-<"'-)(<^)o,T,(^)o) =e-2'3'^<"'-)-^(">") , 

where ( , ) denotes the Hermitian scalar product of . 

We will show that TXj^y^yf{P)R{x) < 0° by integrating over coherent states. First, 
consider (0^ , R(x)0v), using for R{x) the formula of Lem. [531 Since |e-2i3m(«,.n') | ^ ^ 
and the Gaussian density u ^ li^-^^M'^) li"^'-') dvo\{u) has finite integral over Vq, 
one may take the coherent-state expectation inside the integral to obtain 

{(l)„,R{x)(l),)=Da{a^ + s) [ e-5<"'("-+i)")-2i3m(M,.v) j^q^^) _ 

JVo 

The Gaussian integral over u eVq converges absolutely, and performing it by complet- 
ing the square one gets 

((^,,R(x)(|),) =Det(a, + 5)Det(a,+ l)-ie-^<-^^'(«-'+i)"'^^) , 

which is a rapidly decreasing function of v . 

Now the Heisenberg group action Ui x Vq ^ U(M'o)' (z.u) t-^ zTu , is well known 
(as part of the Stone-von Neumann Theorem) to be irreducible on s/y^ . Therefore, if 
L E End(£^Vo) is a trace-class operator, its trace is computed by the integral 

Tr^ L= / (<|),,L0,)rfvol(v)/ / e-<^''^')jvol(v) . 

" JVo I JVo 

Indeed, the function L t— > Jy^^{^v , L^y) d\ol{v) does not change when L is conjugated 
by Ju , and by the irreducibility of w 1— Ju any such function must be proportional 
to the operation of taking the trace. The constant of proportionality is determined by 
inserting some rank-one projector, say L = ^q{^o,-), and using | (0o 5 0v) P = e^*^^'^^ . 

Since v 1— (0v , R(x)^v) is a decreasing Gaussian function and x ax depends ana- 
lytically on X G 13(^^0 ), it is now clear that the trace of R{x) exists and is analytic in ;c. 
An easy computation gives 

Tr^^, R(x) =Det(i(a^ + ^)) = Det(5) Det(l . 
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Essentially the same argument goes through for the case of w(/')R(jc) with a poly- 
nomial P E tv{Wo). Indeed, since the expectation {^y ,w{P)Tu^v) is easily verified to 
be e^^'-''"*!"''"') times a polynomial in u and v of finite degree, ((^v , w(/')R(x)^v) still is 
a rapidly decreasing function of v and therefore its integral - the trace of w{P)R{x) - 
exists and depends analytically onx. □ 

5.3. Combining the representations. — Let us piece together the various building 
stones we have accumulated. From Lem. 15.41 we have a representation R of the semi- 
group H(Vq ) which we now rename to 

Ro : H(VJ) ^ End{£/v) ■ 

Notice that7?o coincides with the representation (O (g) (S of Sect. l2.3l if Hfyq) is restricted 
to H<(V'o+) X U>{Vq) ^ ii{VQ). We also recall that we have a GL(yi) -representation 

Ri : GL(yi) ^GL(^k) , 

which agrees with cr® a of Sect.[2lI]upon restriction to GL(yj+) x GL(yj^) ^ GL(yi) . 
Combining Ri with Rq we have 

R : GL(yi) xH(y^-) ^End(^/y) , {g,h) ^ Ri{g)Roih) . (5.11) 

As a corollary to Lem. 15.51 we also have a unitary representation of the direct product 
of real Lie groups U(Vi) x U(yQ). We denote this by 

R' : U{Vi) X U(yj) ^ U(^k) • (5.12) 

In the next statement, the adjoint action Ad{x) : gl{V) —* dl{V) for y = yi ©yo is 
meant to be conjugation by jc G GL(yi) x li{V^) ^ GL(y). 

Proposition 5.11. — The semigroup representation R : GL(yi) x H(yQ) End(j2^) 
and the Lie superalgebra representation R^ : QliV) Ql{£^y) are compatible in that 

R{x)R,{Y) =R,{Ad{x)Y)R{x) 

for all Y E qI{V) and x E GL{Vi) x H(yj). 

Proof. — Let c + w : © Wo ^ End(M/) be the Cliff ord-Weyl action of Def. O If 
X = (xi.xq) E GL(yi) X H(yQ), then by combining Lem. 15. H and Cor. 15. 8 1 we have 

i?(x)(c(wi)+w(wo)) = {c{xi-Wi)+w{xo-wo))R{x) . (5.13) 

By definition, the representation R^ is induced from the spinor-oscillator representa- 
tion of the Cliff ord-Weyl algebra q(W), which in turn is determined by the Cliff ord- 
Weyl action c + w. The statement therefore follows from the property (15.131) of c + w 
in combination with the fact that by the identification qI{V) ^ y © y* the action of 
GL(yi) X GL(yo) ^ GL(y) onW = V®V*hyx{v+(p)=xv+(px-^ corresponds to 
the adjoint action Ad(.x:) (v © (p) = jc (v © (p)x~^. □ 



72 



J.B. CONREY, D.W. FARMER &. M.R. ZIRNBAUER 



Corollary 5.12. — The group representation R' : U(Vi) x U(V'q) U(=e^V) (^nd the 
superalgebra representation : QiiV) — > q\.{£^v) are compatible in the sense that 

R\g)R,{X)R\g)-'=R,{M{g)X) 

for all X e Ql{V) and g E GL{Vi) x U{V^) . 

Proof. — R'{g) for ^ G U{Vi) x U(Vq ) has an inverse. Thus the assertion follows from 
Prop. 15.1 Il by sending x ^ g and multiplying with R' (g) ~ ^ on the right. □ 

The next result is an easy consequence of Lem. l5.9l in the present, combined setting. 

Proposition 5.13. — Ifx G GL(Vi) x H(VJ) andY G go = dK^)o, the directional deri- 
vative ofR at X along Y exists and is given by 



= R,{Y)R{x) 

t=0 



5.4. Proof of Prop. I4.4i — We finally tackle the true goal of the current section 
and return to the Howe pair setting based on the decomposition ¥ = 110 and its 
refinement = Uf O with = [/+ = and Uq = t/f = Ci,andp + q = n. 

From the tensor-product decompositions Vi = C" and Vq = C^+^ we 
have the embedding s 

GL„ X GL(yi ) , Hp, ^ X U{V^) , 

which by Vi © Vb = (t^i ffi Uq) ® combine to a semigroup embedding 

(GL„ X Up,,) xUn-^ GL(Vi) X H(yj) . 

Similarly, we have a Lie group embedding 

(U„ X Up,^) xUn^ U(Vi) X U{V^) . 

Using these, we now restrict and project the 0[(y) -representation {s^y ,R-^,R,R') to a 
-representation {'fx,p^,p,p') on the subalgebra of UA^-invariants Yx C s^^y. The 
semigroup representation p is defined by 

p : GL„ X Hp,^ ^ Gl^iTx) , x ^ R{x, Id^) | , 

and the representation p' of the Lie group Gk = U„ x \Jp,q is defined in the same way: 

p': U„xUp,,^U(r;L), g^R'igMlr,. 

This gives the existence statement of Prop. 14.41 The stated compatibility of p and p' 
with p* is a consequence of the compatibility of R and R' with R^ . 

To go further and prove the key formula (14.241) . recall the setting of Sect. 14.11 we 
are given a real-analytic manifold M = Mi x Mq C GL(t/i) x GL(i7o)' ^ GR-principal 
bundle P ^ M,an associated vector bundle F ^ M with standard fibre 0k i = u{U^) \ , 
and a sheaf of graded-commutative algebras ^ = T{M, C ® AF*). The next goal is to 
describe the character of the representation (fx, P*,P,P') as a section of 
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Our first observation is that, if {F,} is a basis of i and {(jo'} is the corresponding 
basis of generators of A(0j^ j), the operator 

p{Z)^p{xeh-') ■.= p{x)o^'P'P*^'-^p{y-') , (5.14) 

whichis associated to the supermatrix S =xe^y^^ by the representation (1^,p* ,p,p'), 
makes good sense. Indeed, if we replace {x,y) E P by (xg.yg) with ^ G Gr and the 
generators (p' of A{g^ J by the transformed generators Y.(p'^^^*{8^^) j' ' then 

p(xg)e^'^^'^'^*(^'")>(^')p((3;^)-i) =p(x)e^^'P*(F')p(3;-i) , 

since p(x^) =p(.^)p'(^) andp'(^)p,(F,)p'(^)-i = p*(Ad(^)F,) =Ep*(F,)Ad(^)^.. 

As a result, the character STr;^^p(S) is a Ga-equi variant mapping from P to the 
exterior algebra C i)' thus defines a section 'X E ^ via the usual isomor- 
phism: 

X{xy-') = [ix,y)-STry^p{x)c^'P'P*^'^^p{y-')] . (5.15) 

By its definition as a character, this section % is radial, i.e., one has xis^S^^) = X{^) 
for all ^ G Gr , and (7^ + Y^)x = for all 7 G 0r,i . 

Lemma 5.14. — The section % E ^ defined by Eq. 0.751) is radial and analytic. 

Proof. — It remains to establish the analyticity of x ■ For that purpose, fixing some 
pair {x,y) G P in the fibre over the point xy^^ — m— {mi, mo) G M, use the compati- 
bility statement of Prop. 15.1 ll to write 

STrr,p(S) = STrr,p(jc)e^'P'P*(''')p();-i) =STrr,e^'P'P*(^'^W^')^ . 

By the nilpotency of the generators (p', the power series expansion of the exponential 
function produces only a finite number of terms 

£(?)"■■■ (p'^ STrr, p. (Adix) F, J ■ ■ ■ p, ( Ad(x) F,-, ) p (m) . 

The numerical coefficients of these terms are of the form STr^q(i')p(m) where P is a 
polynomial in the Clifford- Weyl algebra ofW = V(BV*. By straightforward adaptation 
of Lem. I5.10l to the present situation, they depend analytically on m G M through p (m) . 
They also depend analytically on the factor x of m = xy^^ through Ad(jc). □ 

The next statement is the main step of completing the proof of Prop. 14. 4[ as it will 
allow us to lift the equality of functions of Cor. 14. ll to an equality of sections of 

Proposition 5.15. — An analytic radial section ■& E is already determined by its 
numerical part, num(tJ) G r(M,C). 

Proof. — Again, iox xy^^ =m = {mi, mo) G M write 

Note that Ad(x) in general sends F/ G gR^i into the complex space gi = gR^i +iflR,i. 

From Lem. 14.81 we know that the spectrum of mo G Mq lies on the positive real axis 
in C while avoiding unity; whereas the spectrum of mi G Mi lies on the unit circle. 
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Thus the spectral sets of mq and mi are disjoint. As a consequence, m is regular in the 
sense of Prop. 13 .81 and the supermatrix e^'P'^^'^W^'m can be block diagonalized. 

This means that if go = 0t(t/)o and qi = qI{U)i, there exist complex Grassmann 
envelope elements Si e A°^^{qI)^Qi and S2 G A^^'^"(0i) ® go such that 

gL<p'®Ad(x)F,-^_gEigS2^g-Si . 

From the proof of Prop. 13.81 we also know how to construct these nilpotent elements: 
we pass to the equivalent equation 

£ (p' ® Ad(x) F, = In (e^i eS2e-AdHSi ) ^ 

and, after expanding the right-hand side by the Baker-Campbell-Hausdorff formula, 
solve this equation for Si and S2 in terms of ^ (p' ® Ad(x)F/ . Given the basis {F,} of 
0R 1 and fixing some basis {Eq} of gR,0' we write 

Si=£^|®F,-, S2=£^2"®E„, 

where are even sections of and the functions are odd. 

These preparations do not yet depend on the analytic and radial property of t3- E 
The rest of the argument, for clarity, will first be given for the case of = ;t of (15.151) . 
which is one of the two cases of relevance below. 

The algorithm for constructing Si and S2 uses the bracket of g [([/), and nothing but 
that bracket. Therefore, exactly the same procedure goes through at the representation 
level, and we have 

£(p'p,(Ad(;c)F,0 =ln(e^^;P*(F')e^^2P*(E«)e-i:^iP*(AdHF,)) . 

Exponentiate both sides, multiply by p(m) on the right, and move p(m) past the right- 
most exponential by Prop. 15. Ill Then take the supertrace, 

STr^^e^'P''P*(^'^WF')p(m) = STry.e^^! P*(F')e^^2P*(E«)p(^) e-I^iP*(FO , 

and use the cyclic property of STr (or, equivalently, the radial property of x)io obtain 

STrr,p(S) = STr^/.e^'P'P*(^'^W''')p(m) =STrr,e^^2P*(^'')p(m) . 

By Prop. 15. 13] the last expression can be expressed as a finite sum of derivatives via the 
go-action on the left, 1— > : 

Since the function m STr^ p(m) is the numerical part mim{x) of (|5.15l) . we have 
proved for this case that 

i.e., given the even sections ^2 derivations E^ (where of course the sum ^(^|E^ 
does not depend on the choice of basis but is invariantly defined), x is determined by 
its numerical values and a finite number of derivatives thereof. 

In order for this argument to go through, all that is needed is radiality of x, to cancel 
the first factor against the last one in e^^e^^me^^^ , and analyticity of ;t^, to convert S2 



HOWE PAIRS, SUPERSYMMETRY, AND RATIOS 



75 



in e^^m into a differential operator. It is therefore clear that the same reasoning applies 
to any section ■& ^ ^ which is radial and analytic. □ 

Finally, recall from Def. 14.31 exactly what is meant by the reciprocal of the superdeter- 
minant of Id^ — S (g) w , and let '& E ^ be the section which is given by the integral on 
the right-hand side of (14.241) : 

t>(xy-i) := / SDet(ldv -xc^'P'®^'y^^(^uy^du . 

I Jvn J 

This section is radial, because the superdeterminant has the property of being radial; 

and since SDet(Idv/ — S ® m)^^ is analytic in the supermatrix S = xe'^^''^^'y^^ for 

every fixed unitary matrix w , so is the result of integrating over u G \Jn ■ 

It now follows that equals the character x of (15.151) . Indeed, both and x are 

radial and analytic, and their numerical parts agree by Cor. 14.11 Therefore, by Prop. 

15.151 they agree as sections of Since the equality ;^ = is none other than our 

formula (14.241) . the proof of Prop. l4.4l is now complete. 
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